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MATHEMATICS

Course No.: MA-201 Title: Mathematics
Duration of Exam. : 3 Hrs Total Marks: 100
Credit: 04 Theory Examination: 80

Internal Assessment: 20
UNIT: 1

Linear and Bernoulli's differential equations. Exact and non-exact differential
equation, Differential equations solvable for p and Clairauts differential equation. Examples,

problems based on these topics. (10 lectures)
UNIT-1I

Differential equations of 2nd and 3rd order with constant coefficients of the type
f(D)y = g(x), where g(x) ™, cosax, sinax, X" their sum and products in pair. Problems

based on these topics. (10 lectures)
UNIT-1I1

PDE of first order, linear equation of the form pP + qQ =R, Langrange's method.
Non-linear first order equations, Charpit's method, PDE's of 2nd and 3rd order with
constant co-efficients. Homogenous and Non-homogeneous partial differential equations.

Examples and exercises based on these topics. (12 lectures)
UNIT-IV

General equation of sphere, Sphere through four points, Plane section of a sphere.
Intersection of two spheres, Sphere with a given diameter, Intersection of a sphere and a
line. Equation of tangent plane at any point of the sphere, Angle of intersection of two

spheres, condition for the orthogonality of two spheres. (13 lectures)



UNIT-V

Equation of a cone with conic as guiding curve, enveloping cone of a sphere,

condition that the given equation of 2nd degree should represents a cone, inter-section of

a line with a cone, tangent plane to a cone at a point, condition for tangency for a plane,

reciprocal cone, equation of a right circular cone, equation of cylinder, enveloping cylinder

and equation of right circular cylinder. (15 lectures)

TEXTBOOKS:

1.

Differential Calculus by Shanti Narayan, Dr. P X. Mittai, Pub, S. Chand.

2. S.L. Ross, Differential equations, Blaidell, Pub. Co.1994.

3. Solid Geometry by Shanti Narayan, Dr. P .K. Mittai. Pub. S. Chand.

4. LN. Sneddon : Elements of partial differential equations, McGraw Book Company
1998

5. Jane Cronin : Differential Equations, Marcel Dekker, 1994

6. GF. Simmons : Differential Equations with applications Tata McGraw Hill 1974.

Note for Paper Setter

I. Each lecture will be of one hour duration.

2. The question paper shall consist of 10 questions, two questions from each unit.

The candidate will be required to do five questions selecting exactly one question

from each unit.



Internal Assessment (Total Marks: 20)

20 marks for theory paper in a subject reserved for internal assessment shall be distributed

as under:-
1) Class Test : 10 marks
(i1) Two Written Assignments/ : 10 marks



Lesson No. 1

Unit-1
Subject : Mathematics

B.A. 2nd Semester

DIFFERENTIAL EQUATIONS

Review

Differential Equations. As the name implies, a differential equation is an equation
involving differentials or derivatives. Differential equations play a very dominant role in

nearly every branch of science.
Types of differential Equations. There are two types of differential equations :

(i) Ordinary. (@) Partial.
Definition. A differential equation involving a single independent variable and

hence only ordinary derivatives, is called an ordinary differential equation. If there are
two or more independent variables, so that the equation contains partial derivatives, it is

called a partial differential equation.

The following are the examples of ordinary differential equations :

dx

E = _kxa k>0 . (1)
d’y . .

o g, (acceleration equation) ... (2)
dv ) )

ar = &, (velocity equation) ... 3)

Typical examples of partial differential equations are Laplace’s or the potential equation



022 O'ZZ

—2+—2:0,Z:Z(X,Y) ...... (4)
oy

the diffusion or heat equation

(o4

! z=17 (X, t) (5)
ok or I

and the wave equation :

o’z 1 o’z
72 o rTr
ot

Note : In equations (5) and (6), k and c? are certain constants. The equations (4)
- (6), arise in a variety of problems in the fields of electricity and magnetism, elasticity
and fluid mechanics.

Here we are primarily concerned with the study of ordinary differential equations.

Order and Degree. The order of an ordinary differential equation is the order
of the highest derivative appearing in the equation, and the degree to be the exponent
to which this highest derivative is raised when fractions and radicals involving y or its
derivatives have been removed from the equation. (Students had already been
introduced to these ideas in their Higher Secondary Syllabus) Equations (1) - (3) are
of first degree, but the acceleration equation is of second order whereas the velocity
equation and equation (1) are of first order.

Solution of a differential equation. A solution of a differential equation is a
relation between the variables involved such that this relation and derivatives obtained
there from satisfy the given differential equation.

Note : It can be easily verified that the first order equation (1) ? = —kx has
t

solution x(¢) = c exp. (-kt), where c is an arbitracy constant.

Similarly, it can be shown that the function y = sin x and y = cos x are solutions
of the differential equation.



d’y
dx?

+y=0 forall x.

General Solution. The solution of a differential equation which involves as many
arbitrary constants as the order of the differential equation, is called the general solution.

Particular Solution. The particular solution of a differential equation is that which is
found from the general solution by giving. particular values to the arbitrary constants.

Example 1. Show that y=Acosx+Bsinxis a solution of

2
d—;} +y=0

dx

Solution. We have

y=Acosx+Bsinx

d
—y:—A sin x + B cos x,
dx

dy

5 =—A4 cos x— B sin x,
dx

2

. d
From above, we obtain d_;} +y=0, for all x.
X

Hence y=A cos x + B sin x is a solution of the given differential equation.

Note : We call y=A cos x + B sinx where A and B are arbitrary constants to be the

d’ . . o
general solution of d—;} +y=0. (The differential equation is being of order 2).
X

Formation of differential equations. Ordinary differential equations are associated
with family of curves and are obtained by the elimination of the arbitrary constants, called
parameters, from the given equation.

Example 1. Find the differential equation of the family of circles with centres on the
X-axis.



Solution. The family of circles with centres on the x-axis is given by (x-4)* + )?
= g, where a and / are the parameters.

Differentiating twice w.r.t. x, we obtain

dy
20x—h)+2y—==0
(x—h) s (D)
d’y (dyjz
d2+2 y—=+| — =0 .. (2
an {y 2 (2)

The result (2) on simplification gives
2 2
y d—f + (d—yj +1=0
dx dx
which is the required diffential equation.

Example 2. Find the differential equation of all ellipses centered at the origin.

2 2
X
Solution. The family of ellipses centered at the origin is given by — + Z_Z =1,
where a and b are the parameters.

Differentiating twice w.r.t. x, we obtain

2_x+2_y+d_y:0

20 (1)

and

2 2 dzy (dy)z

Sy 2] (=0

2 bz{ydxz dx (2
2

From (1), 2~ - _ Yy & - (3)
a’ x dx



2 2
From (2), _Xd_y+yd_;/+(d_yj -0
X dx dx

dzy (dyjz dy
or xy—5+x|—| —y—=0
T \ad) Y

which is the required differential equation.

Example 3. Find the differential equation of all parabolas whose axes are parallel
to y-axis.

Solution. The family of parabolas whose axes are parallel to y-axis is
xX*+Dx+Ey+F=0

where D, E and F are the parameters.

Differentiating thrice w.r.t. x, we obtain
d
2w+ D+E 2=0,
dx
d2
2+E 3 =0,
dx

y_
dx®
which is the required differential equation.

Example 4. From x? +)? +2gx + 2fy + ¢ = 0, derive a differential equation not
containing g, for c.

Solution. We have
X*+y?F2ex+2fy+c=0
Differentiating thrice w.r.t. X, we obtain

dy

2x+2y—
ydx

+2g+2fd—y:0
dx

or (y+f)%=—(x+g)



& __(x+g)
or = o+ /) .. (1)

dy
azy OH-(x+e) -

dx* (v+/)

(x+g)°
(y+f)+7y+f

(v+/)

_ N +G+g)’
»+/)
__f2+g2—c
S - (@)
dy (fP+gf-ody
& e O

From (1) and (3), we have
{H(d_yjz}gz{n(“gjz}fz +g° ;Cd_y
dx/ |dx y+f (y+ )" dx

VAR Sto ]
(y+/)° dx

5 \2
:3[d_yj % [from (2)]

2
W\ |y L av(dPy
1+ 2] |22 32200
d) |dx®  dx\ ax?

9



which is the required differential equation.

Example 5. Form a differential equation corresponding to y>—2ay + x’= a* by
eliminating a.

Solution. The given relation is
y—2ay t+x’=a* .. (1)
Differentiating w.r.t. x, we have

2yd—y—2ad—y+2x=0
dx dx

dy ..(2)

Substituting the value of a from (2) in (1), we get

2
o), b
2_p,Ndy J 2 Vdx J

dy dy 2
dx dx.

which on simplification gives

dy

2 o oafd 2
(x*=2y7) I —4xya—x =0

which is the required differential equation.
Exercise 1

1. Determine the order and degree of each of the following equations.

i d_y+ cosx =sin x
® dx Y

10



dy

2
—+xy° =0
dx 4

(1)

dzy
i) —+y=0
(iii) 102

2
(1v) x22—§+x§—y+2y=sin X
X x

3y (dy\’
24y 'y _
® * ﬁ%g) ty=0

3 2
(vi) d—)3}+2—d ';} +6xy = e’
dx dx

3
L d'y dy e
(vii) dx—2—|:]+(aj

2. Verify that the following are solutions of the indicated differential equations :

i) y=Ce™; Y k=0

" dx

i) y=2x(e + 0 x Dy 2 oi2er
(i) 2

Y
i o (2| 2
(i) y=Cex; (xy X )dx ¥

2
(iv) y=£+ ;d—y+zd—y

2 =0
X dx x dx

(v) y=A4cosx+Bsinx; —5+y=0
dx



. d* .
(viy y=A4 cosx+B sinx X cos x; —;}+y:smx
2 dx
3. Find the differential equation of the family of lines passing through the origin.
4. Find the differential equation of the family of circles with centres on the x-axis.

5. Find the differential equation of the family of parabolas with vertex at the origin
and axis on the x-axis.

6. Find the differential equation of the family of hyperbolas having the coordinate
axes as asymptotes.

7. Find the differential equation of the family of straight lines which are at a fixed
distance p from the origin.

8. Find the differential equation :

(i) ofallcircles of radius a.
(i) ofall circles which pass through the origin and whose centers are on the x-axis.
(ii)) that must be satisfied by the family of concentric circles x>—y*=a’.

9. Find the differential equation of the system of circles touching the y-axis at the
origin.

10. From the equation y = ax’+ bx + ¢, form a differential equation not containing
a, borc.

ANSWERS
1. (i) Order 1, degree 1. (i) Orderl, degree 1.
(i) Order 2, degree 1. (iv) Order 2, degree 1.
(v) Order 3, degree 1. (vi) Order 3, degree 1.
(vii) Order 2, degree 2.
2
3. xj—i::y 4. 1+y%+(%j =0

12



3 2 dy dy
(i) x—y Xy e (fii) x+y e

9. x*—y*+ 2xy d_y= 0.
dx

d3
10. <3=0
dx
Initial and boundary-value problems.

Initial-value problem. Definition. An initial-value problemis a differential
equation together with initial conditions. For example, the ‘acceleration equation’.
d? y 2
dt*
together with initial conditions

) _

0)=yy,,
y(0) =y r

comprise an ‘initial-value’ problem.

Boundary-value problem. Definition. A boundary-value problem is a differential
equation together with boundary conditions. For example, the differential equation.

13



d’x

?z—,u cos{Jut, 0<t<2r
together with the boundary conditions

x(0)=1, x2x) = -1

comprise a ‘boundary value’ problem.

These types of problems we come across in physics and engineering.

14



Unit-1 Lesson No. 2
B.A. 2nd Semester Subject : Mathematics

Art. Linear Equations

A differential equation of the form

b
e +Py=0 (D

where P and Q are constants or function of x alone is called a linear differential equation
of the first order. It is so called because the dependent variable y and its derivative

d
d_i: both appear in the equation in the first degree only.

Multiplying both sides of (1) by [ Pax, we get

X d X
M (di:+Py) el P4 @

d | Pdx | Pdx j Pdx dy
s - P+
dx {ye } e “dx

dex (dy j
= +P
dx 4

We may write (2) as

a[ dex:| ijdx

15



Integrating both sides w.r.t. x, we have

ye.[ Pdx _ J‘ er dedx iC
as the complete solution of (1)

Note : The factor ej Pdx on multiplying by which the left-hand member of (1)

becomes the exact differential coefficient of some function of x and y is called an
integrating factor (L.F.). It is useful to remember that after the intergrating factor has
been introduced, the differential equation (1) takes the form.

i(yx].F.): OxIF.
dx

and can be directly integrated.

Cor. Sometimes a given differential equation can be reduced to linear form if
we take x as the dependent variable instead of y. The standard form of the linear
equation in this case is

dx
“Zpy=
dy =0

where P, ana Q; are constants or functions of y alone. The LF. for this equation is
P,d
ej 14
Note 2. In finding the LF. no constant of integration need be added, as such a

constant will not in any way make the solution more general than it is without such a
constant.

Q.1. Solve the differential equation

(1+x2)%+xy=(x+l)

Sol. The equation can be written as

16



d_yJr X y x+1 |
dx  1+x° 1+x2 - (1)

which is the linear equation in standard form.

X

P= Pdx = dx
Here 1+x2 'f '[1+x2
::_Ium =—mgnm)
Liog (1422 2 >
LF= edex ez o ' elog (1+x%)2

_ GogVin? _ 2

On multiplying by this factor, the equation (1) becomes

1+x2{d—y+ al y}— xil
dx  1+x? V1+x?

d 2} x+1
or — 1+x°} =
d {y

X V1+x?

on integrating w.r.t.x, we get

wWier? =

x+1 dx+C
\/1+x2

dx+ C

1
IJl IJum

12
1=
y\/1+x2 :%uﬂog {x+\/1+x2}+C

N | = =
[\S]

17



or y\/1+x2 :\/I:xz +log {x+\/1:x2}+C

which is the complete solution.

Q.2 Solve the differential equation :

(x+2y3)%=y

Sol. The equation can be written as

dy

Zox+2y?

ydx y

or d—x—lx=2y2
dy 'y

which is linear differential equation in x

Here P:—l J-de:—jd—yz—logy
y y

y

Pd - - 1
I.F.=ej Vo eloey ZplogyT ol

1
Hence multiplying by ;, the equation becomes

ldx x

——-== 2y

ydy 'y
Integrating we have

%zj.:2ydy + C

18



X 9
ie. —=y"+C
y

ie. X = y3 +cy

which is the complete solution.

Q.3

Sol.

Q.4

Sol.

Solve the differential equation.

dy _
—+y=e
dx Y

X

The =n is linear differential equation in y

I.F.=ejdx =e*

. the solution is

ye' = J. e*e’dx+c

or ye* = J. dx+c
or ye* =x+c
Solve the equation

d

L0 +1-y)
dx

The equation can be written as

dx Y
d

e L iy=2-x
dx

which is linear differential equation in y

19



i.e LF=d® ¢

-, the solution is

ye* ZJ(Z—x)exdx+c

=2¢e" —[xex —Iexdx] +c
Integrating by parts

=2¢" -xe* +e' +c

=(3-x)e" +c
or (x+y-3)e" =c
or x+y-3=ce ™

Q.5 Solve the differential equation

(l—xz)d—y+2xy: xV1-x?
dx
Sol. The equation can be written as

d_y+ 2x _le—x2

dx  1-x? o 1-x?

a’_yJr 2x y= X
l.e dx 1_x2 \/1_x2

Here P=

2

J.dez—J 1—2x dxz—log(l—xz)
-X

20



= log(l - xz)

[Pa _ o8 (1) =(1—x2)_1

[.F=e e

. the solution is

1 X
X = X dx+c
4 1—x2 j\/l_xz l_xz

y 1
= +c
1-x7 \/l—x2

or y=vVl-x* +c(1-x%)

21



Q.6 Solve the differential equation

dy .
d—+y COSX = SinXx CoSx

X
Sol. The differential equation is linear in y
[F= e_fcosxdx _ esinx
.. the solution is
petht = jsinx cosx e dx + ¢

Put sinx =z
cosxdx =dz

. the solution is
z _ j z
yve =|ze'dz+c
Integrating by parts, we have
ye'=ze —Iezdz+c

ye=ze" -’ +c

y=z—1+ce” wherez=sinx

Q.7 Solve the differential equation
(l+y2) dx = (tan_1 y—x)dy

Sol. The equation can be written as

dx _ tan_ly_ X
dy 1+y2 ler2

22



@jL X _tan_ly
dy 1+y2 1+y2

or

which is linear differential equation in x.

1

P=
1+y2

Here

1
——d
LF.= Pdy jl A tan—1,
e.[ —e +y =e y

the solution is

tan~
xetan y .[ y tan ydy-i—c

1+y
Puttan'y =z

1

1+y

3 dy=dz
the solution is
xe' = Iz e“dz+c
=ze® — I e“dz + ¢, Integrating by parts
=zef -’ +c
of x=z—l+ce > where z= tan’'y
Q.8 Solve the differential equation
dy
l1+(xtany - secy)—=0
(xwany y) 0
Sol. The =n can be written as

dx
—+xtany—secy =0
dy

23



dx
or ——txtany=secy
dy

which is linear differential =n in x

siny

d

] F.= [tanydy _ J‘cosyy
J.=e =e

—siny
_J' dy
— = COSY — e—log cosy :elog secy

=sec ).

.. The solution is

X secy=jsec ysecydy +c

or xsecy:jsec2 ydy +c
or xsecy=tany+c

X _siny
or =
CoSy Cosy

+c

or x=siny+ccosy

Q.9 Solve the differential equation
VD (sin T x
(1 X )dx—x(sm x y)

Sol. The equation can be written as

dy _ xsin_lx_ Xy

dx I-x> 1-x°

dyJr X x sin”x
or — = ———
dx 1—x2y 1-x?

24



which is a linear differential equation in y

X d 1 —2x
LF. =ej1‘x2 x:e jl x?

—%log (l—xz) log (l-xz)_g

=e =e
IF=(I—x2)_1/2: !
1—x?
- the solution is
y jx sin lx ditc

\/l—x2 \/1 x?
-1

or li;xz :I()IC_SI;)S?; dx+c

In RH.S. Put x=sin g
dx= cos@ d@

_J-smH(sm sin” 6) cosO do+c
1 sin 0)3

0 sin 6
-]

e cos@ dO+c

cos

df+c

:J-9 sin @ 1

cos 8 cos 0

=Ietan9se09d9+c

25



=0. sec 6 — j sec 0d0+c, Integrating by parts

sec O (secO+tan0)

zesece—j do+c
secO +tan0
2
:esece_j-sec 0 tan O +sec ed6+c
secO+tan 0O

=0 sec 6—log (secO+tanB)+c

Now x =sin 0

cos 0=~1-x°

secOZL and tan 0 =
1-x° 1-x°

. The solution is

y . -1 1 1 X
—_— = ——1 + +
W Sm XW Og{\/l—xz \/]-xz} ‘

sin”lx ( 1+x j
—log +c

_\/]—xz \/1—x2

sin”!x 1+x

I (==

_ sin"x o (1—)6) be
i g[ (1—x>j

+c

26



1 1-
y=sin'1x + {chE log x} 1-x°

1+x

Q.10 Solve the differential equation
d
cos2 y—y+y =tanx
dx
Sol. The equation can be written as

dy+ v tan x
dx  cos’x cos®x

d
or d—y+y seczx = tan xseczx
x

which is linear equation in y
2
sec” x dx
I.F.zej =Y
The solution is

tan X _ Ietanx.tanx sec’x dx +c

ye
Puttanx =¢

sec’x dx = dt

The solution is

ye :Itetdt+c
=te' - j eldt+c, Integrating by parts.

yet =te' —e' +c
y=t—-1+ce™’

27



= y= tan x-1+ce™"*

Q.11 Solve the differential equation
ey lar_,
Ve Jx)dy

Sol. The equation can be written as

dy ey

dc  Jx  Wx
2%

- dy+ y _e

ie VX =|—dx +c

28



yez‘/; =2Jx +¢

Q.12 Solve the differential equation.

(1+y+x2y)§—;+(x+x3)20

Sol. The equation can be written as

(x+x3)%+l+y+x2y=0
X

or X (1+x2)%+(1+x2)y:—1

dy 1 1

y —_——
o ax «x x(1+x2)

which is linear differential equation in y

j iabc

LF. = ¢x =¢% =y

- the solution is

yx=|- ! xdx+c
x(1+x2)
=—.[ ydx+c
1+x
=—tan 'x t+c¢
—tan lx+c
y=——"—""
X

Q.13 Solve the differential equation

29



dy y _x+\/1—x2

EJF (1_x2)3/2 - (1-x2)2

Sol. The equation is linear in y
1
7 d
LFme (=7
Putx=sin6

dx=c0s0d0

L esede
[ F— o (sin20)¥?

cosOd 6

1
=e cos3 0

1
do 2040
—e cos2 0 = e-fsec

tan 0
=e

But x =sin 0
cos 0 =+1-x?

X
tan 0=

1-x

I.F.=eVl=x

Z

the solution is

X X
) x+Vl-x* T
ve - :J-—e - dx+c

(1-x%)*

30



in 0+
=J.Metanecos 0do +c

(1-sin® 0)?

in 0+
=Iwetanecos 0dd +c

cos* 0

ye' ¥ = I(%+ lj ™9 sec?0 do +c
cos

=I(tan 9+1) ™9 5ec’0 do +c

Put tan0=z
. sec’0d0=dz

ye’ :I(z+1)ez dz +c
=Izezdz+fezdz +c

=ze” —Iezdz +J.ezdz+ c

ye*=ze*—c
y=z—ce *?

=tan O — ce 0

d
Q.14 Integrate (1+x7) d_z +2xy—4x” = 0 and obtain the equation of the cubic curve
satisfying this equation and passing through the origin.

Sol. The equation can be written in the form

31



(l+x2)Z—y+2xy:4x2
X

dy N 2x y 4x*
or —— =
dx  1+x? 1+ x?

which is linear differential equation in y

2x
Here F=
ere 1+ x?

2x
jpdx=j1+x2 dx =log (1+x?)

[ F.= el P log (x®) _ 12

the solution is

2 4x* 2
y(1+x):J- 2)><(1><x ) dx+c
+x

(1

or y(l+x2):j4x2 dx+c

4x3
or y(l+x2):%+c

If this curve passes through (0, 0)
0=0+c
= c=0

the solution is

3
yi+at) =2

32



or 3y(l+x?)=4x3
Q.15 Solve the differential equation

e +100) 2L +y=0
V) oty

Sol. The equation may be written as

i 2 10y°=0
= o _
Yay == )4
a2

or dy+yx—10y

The differential equation is linear in x

2
Here P=—
y

dey = Izdy =2logy = log
y
[F.=el P = glowr® _ )2
" the solution is
xy2 :IIOyz.yzdy+c
or xy2 :IIOy4dy+c

10y°
5

+cC

= xy=2y>tc

33



Q.16 Solve the differential equation

dy 1. _ =«
—4+—y=e
dx x 4
Sol. The differential equation is linear in y
jldx
1.F.=¢e~

the solution is

:elogx:x

yX = I xe'dx +c
=xe' — I e dx +c , Integrating by parts.

yx=xe* —e* +c

Q.17 Solve the differential equation
x log x d—y+y = 2logx
dx

Sol. This can be written in the form

@y _ 2
dx xlogx x
The differential equation is linear in y

1
logx™ _ log x
I.F.=¢ 8% =¢%%=]og x

the solution is

ylogxz.[%logx dx+c
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1
Putlogx=¢ .. ;dx=dt

. ylogx= Jthl‘ +c
=t’+c

. ylogx=(logx)*+c

Q.18 Solve the differential equation

(1+ Xz)d_y + 2Xy =cos x
dx y
Sol. The =n can be written as

d 2
a2 cos x

dx 1+ x? 4 1+x°

which is linear differential equation in y

2x
2% jog (14x2) 2
[.F.=¢ +x"  =plog () 14

the solution is

Cos X
y(1 +x%) = J']erz x (1+x%) dx+c

:Icos xdx+c

y(1 +x*)=sinx +¢ = y(1 +x?)=sinx+c¢
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Unit-1 Lesson No. 3
B.A. 2nd Semester Subject : Mathematics

Art. Bernouilli’s Equation :-
The equation
dy
—+Py=
iy y=0y" .. (1)

where P and Q are constants or functions of x alone and » is a constant other than zero
or unity, is called Bernouilli’s equation or the extended linear equation. This equation

can be easily transformed into the linear form by means of the substitution z = yl'n and
then solved by the method of the previous section (Lesson) i.e. linear form.

Dividing throughout by y", (1) becomes

ad _
y ”£+Py1 "=0 Q)
Putylin=z
ady dz
l-n)y " —=—
(=my dx dx

equation (2) is transformed to

& _
I t(1—n) P =(1+n)Q

which is linear in z and can be easily solved.
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The LF. in this case is e (7P

Q.1 Solve the differential equation
xdy=y(1 +xy)dx

Sol. The equation may be written as

&
xdx—y Xy’
or 2d—y—y—_l=1
y dx X
2dy !

—y7 +—=—]
or 7 dc x
p 1_
uty =z
ady_d
dx dx

the equation is transformed to

dz z
—+—=—1
dx x

which is linear differential equation in z

1
I—dx log x
wILF =¢e¢x =e%Y=x
the solution is

xz:J.—xdx+c
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71_
or X =——+c
Y 2
X 1 2+
or _ =X T¢€
2
_ 2
or X=——X"y+c¢y

Q.2 Solve the differential equation
d
(1+x%) (d_ij — 4y coszy +xsin2y =10

Sol. The equation may be written as

d in2y  4x?
_y+xsm2y: xzcoszy
dx  1+x 1+x
dy+ 2x siny cosy 4x° coszy
or —— =
dx  1+x° 1+x°
) dy+ 2x 4x?
sy _
or sec”y * . ztany 2
Puttany =z
2 Ay _dz
SOV i T dx

Then the equation transforms into

dz 2x 4x?
—+ z=
dx  1+x°

1+ x?
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which is linear differential equation in z

2x
2T g (1422 2
LF = ¢ Itx =€Og(+x)=1+x

the equation is
2
z(1+x%) = J.4L2(1+x2)dx+c
I+x

= I4x2dx+c

4x3
or (1 +x2) tany = %+c

Q.3 Solve the differential equation

dy_ vy 52

dx x

Sol. The equation can be written as

-1
2dy |y
4+ —=1
Y dc x
Puty_1=z
ady_d
dx dx
_zd_y: dz
dx dx

the equation is transformed to
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dz z

——+ =1

dx x

az _z _
or dx x

which is linear differential equation in z.

ILF = ef’%‘b‘ =g logx elog’f1 —x = 1
X
the solution is

z 1

—= I——dx+logc

X X

-1

or —=—Ilogx+logc
X

1 c
or — =log—
xy x

c
1=xy10g;

c
or xylog ;=1

Q.4 Solve the differential equation

dy

= 3_
e Y Xy

Sol. The =n can be written as
dy

3.3
— 4+ —
de Y TEY
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or y Eery =X
Puty_2=z
_2y_3d_y:£
dx dx
ady_1dz
of dx 2 dx

the equation is transformed to

1 dZ 3
———+Xxz=X
2 dx
dZ 3
——2xz=-2x
or I

which is linear differential equation in z

1.F.= ej_zm = e_x2

the solution is
) 3
ze ¥ =I—2x3e “dx+c

Put —x* =1
—2xdx=dt
and xX=—t

the solution is

zet=j —tetdt+c

=—tet+j e dt +c
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= et + e +e
" y_2=—t +1+ce

2

24 ce”

or y_2= I +x

Q.5 Solve the differential equation

d
D Y3
dx x

Sol. The equation can be written as

dcx x

or Y =%

the equation is transformed to

ldz z 3

———+==x

3dx x

dz 3 3

———z=-3x
or dx x

which is linear differential equation in z

3
[-Zdx _ -3 B 1
[ F=¢ * :eSIng:elogx _x3:_3
X
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the solution is

1
3 —3x3><—3dx+c
x° = X
-3
or y—3= 3dx+c
X

or 3 3=—3x+c

or 1=x" y3 (c—3x)

= X y3 (c—3x)=1
Q.6 Solve the differential equation

dy X
-+ =x
dx 1+x2y \/;

Sol. The equation can be written as

1
- d
or yz—z+1)C
—-x

1

2 _
7 Vo =X
Put /2 =z

Yy

1 -pdy _dz
2y dx dx

y—l/zd_y:2£

or dx dx

the equation is transformed to



which is linear differential equation in z

1 x

5 de
[.F=e¢ “l-x
-1 —2x
— dx
=e 4 1—x2
1
1 2 2y 4 1
—log (1-x*) log| 1-x~ | 4 -
=e 4 =e ( ) =(1-x%) 4

the solution is

| |
o s c
z(1-x%) 4 =[=x(1-x?) 4dx+-
( ) _[2( ) 3

1

1 sy
=——|2x(1-x7) 4dx+—=
320 3

__ 1= e
4 3 3

4

1
or Ay (1-x) 4 =—%(l—x2)+§

1
1 -
or .y =—§(1—x2)+§(1—x2)4

1

or 3y =—(1-x?)+c(1-x%)*
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1
or 1—x2+ 3y = c(1-x%)4

Q.7 Solve the differential equation
dy 5 3
- + —
7 XYy o) =1

Sol. The equation can be written as

dx

_ 23
@ XV T

@ _ 23
or dy—xy Xy

or X dy—x y=y

Put x =z
o
dy dy
o 2 ax - dz
¥ dy dy

dZ 3
—_— Z =
dy yz=y
dZ 3
= —— tyz=—y
dy

which is linear equation in z

y2

I.F.:ejydy =e?
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the solution is

bl
——J‘y.yze dy+c
2
Put 2 =¢
=2t
l2 dy=d
R ydy =dat
or ydy =dt

zet=—j 2t. e dt + ¢

=—2J te'dt+c
x lel= —2[ t e—¢"] + ¢, Integrating by part.
2
or e'=—2x {y?et_et:l"'cx

=x(—y2+2)et+cx

2
Y

= x(2—y2)et+cx=etwheret 5
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Q.8 Solve the differential equation

d—y:2y tanx+y2 tan® x

dx

Sol. The equation can be written as

d—y—2y tanx:y2 tan® x

dx

or y_2 ﬂ—2y_1 tan x = tan” x

dx
Put —y_1 =z
ady_ds
dx dx

the equation is transformed to

dz
= i 2ztanx = tan’x
dx

which is linear differential equation in z

j2 tanx dx _2,[ gy
e =e

I.F.= cosx
— e—2 log cosx
— eZ log sec x
— elog sec® x — SGCZ)C
the solution is

zsec’x = I tan® x sec® x dx + ¢’

3
12 tan" x |

—y sec'x= 3 +c
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" —sec2 X tan3 X
y 3

(0)

—C,wherec'=—c¢

1
sec’ x = y(e— 3 tan’ X)

2 1 3
sec” x = y(c— gtan X), sayc'=—zc,

L3 2
= ylc— gtan X)=sec” x

Q.9 Solve the differential equation
3
dy N 2y _x7

3 -
dx  x+1 y2

Sol. The equation can be written as

dy 2y°
3y2—y+y—x3

dx  x+1
Puty3=z
32d_y:%

dx dx

the equation is transformed to

dZ+ 2z 3

E x+1

which is linear differential equation in z
2
I. F.: e.[mdx = 62 1Og (x+1)

2
— elOg (x+1) — (x + 1)2
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..the solution is
Z(x+1)2 :Ix3(x+1)2dx+c
y3(x + 1)2 = Ix3(x2 +2x+1)dx+c

= y3(x+1)2 =I(x5+2x4+x3)dx+c

¥ 2x 4

= +"——+"—+c
6 5 4

4

6 28 e
4

1
— y(x+1)? =X

Q.10 Solve the differential equation

dy tany

=(1+x)e” sec
dx 1+x ( ) Y

Sol. The equation can be written as

dy siny
cosydx 1+x

= (1+x)e”  Multiplying throughout by cos y

Put +siny=z

dy dz
cosy =

the equation is transformed to

R
dx l+x_( %)

which is different equation linear in z

1
1+x

dx :e—log (1+x)

IF.=e[-
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=elog(1+x)71=( 1 _|_x)*l= L

1+x
the solution is
Z - j(1+x)e"- 1 dx+c

I+x 1+x

= .[ e‘dx+c

sin
=e*+c
1+x

sin y=(1+x) (e*+c)

Q. 11.  Solve the differntial equation

Sol.

Put

or

ydy+by*dx=a cos x dx

The equation can be written as

dy
y——+by*=a cos x

dx

y=z

S _dz
ydx dx
a1
ydx 2 dx

the equation is transformed to

1dz

— —
) dx bz=a cos x

dz
— +2bz=2a cos x
dx
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which is linear differential equation in z

[ 2bdx b

LF.=e

the solution is

ze?h= J. 2ae*™ cosx dx+c
2b
yzeZb"=2aje " cos x dx+c

Now we have to integrate Iesz cos x dx

Integrating by parts, we have

2bx 2bx

COS X—J eZb

e .
.[ e*P cos x dr= (=sin x) dx

2 cosx

1 .
=+ —j €2bx sin xdx
2b 2b

cos xdx

e cosx 1|2 . e2bx
+— sinx — I
2b 2b| 2b 2b

ebe COSX ebe

B : 1 2bx
= b +4b2 smx—ﬁ je cos xdx

e2bx (2bcosx + sinx)
4p>

U\ 26x
( 4p2 _[ cos x dx

(4[)2 + ljJ- o2bx e e2bx (2bcosx +sinx)
or T cos x dx= 1
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e (2bcosx +sinx)

j e cos x dx= 3
4b- +1

the solution is

2a ezb"(2b cosx +sinx)

2 p2bx= +e
g 4b? +1
. 2a(2b cos x +sin x) .
o= 4b% +1 ce

Q.12.  Solve the differential equation

1

3

d
X’y % =x)’—e

Sol. The equation can be written as

dy 1 , e/ x?

e arE e
Put )=z
S _d
ydx dx
d_1d
or ydx_2dx

the equation is transformed to

ldz 1 ___e_l/x dz 2
2dx x x? ora—;z——

which is linear differential equation in z
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or

1.e.

or

or

2 y 1
LF.= j—;dx =672 log x — elog X 2=x72=—2
e X

the solution is
L
3
z _J-—Ze < 1
x? x> X

2
P -1
t 3=t
u x3
— *3=t
3x* dx=dt

1
4 g
x*dx 3 dt

@1
x* 3 t

the solution is

2
1
y—2=2j—ef.—dz+5
X 3 3

dx +

2 3
y -1/x
—=2|-e dx +
vf x4

c

c



1

3 C
or yz——gxze S

_1
or 3y+2x’e ¥ =c

Q. 13.  Solve the differential equation
(v logx—1) y dx=xdy

Sol. The equation can be written as
xd—y= > log x—
Ay ) 08Xy

dy
or x—eryZy2 log x

d
dy y' logx
2= L
or  yrt .
Put y'=z
LAy _dz
Vdx dx
LAy Az
-y dx  dx

the equation is transformed to

dz z _logx

dx x X
dz z _ logx

or dx x X

which is linear differential equation in z
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1
J.—fdx 1
I'Fz e X =e*109=elogx —_—

X
the solution is

z —logx 1

—= j CRAVS dx

X X X

1
—__[logx X —dx
X

I logx 1
= —— e
Xy X X

1=y (ex+logx—1)
or y(extogx—1)=1

Q.14.  Solve the diffeerntial equation
V(2xyte")dx—e* dy=0
Sol. The equation can be written as

d
oY

2xpiter,
e S 20teny
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or ¢ & —ey=2x)"
dx
d
or % —y=2xe™)?

2d_y 1— —X
y Ix —-y'=2x e

Put - '=z
W _dz
y dx dx

the equation is transformed into

ZJr e o
—+z=2x e”
dx

which is linear different equation in z

t=e®

the solution is

=e"

ze"=j 2x e*e*dx+C

—yle= I 2x dx+C

X

=x+C
y

or e +y(x*+C)=0
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Unit-I Lesson No. 4
B.A. 2nd Semester Subject : Mathematics

Exact differential Equations

Recall. For a differentiable function f(x, y), the differential (total) is :

o o
. ——dx+——
dﬁax g oy &y

Definition. The expression
M(x, y) dxtN(x, y) dy (*)

is called an exact differential if there exists a function fof two variables x and y such
that this expression equals the total differential df. That is, expression denoted by (*) is
an exact differential if there exists a function fsuch that

of . of
M(x, y) dx+N(x, y) dy=df= =~ dx + 5 "

Comparing, we obtain

0 of
T M), 5 NG )

Exact differential equation

Defintion. If M(x, y) dx+N(x, y) dy 1s an exact differential then the differential equation
M(x, y) dx+N(x, y) dy=0 is called an exact differential equation.
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Note. The differential equation
V2dx+2xy dy=0

is an axact differential equation, since
V2 dx+2xy dy=df, where f(x, y)=x)’

Test to determine whether or not a given differential equation is exact. If so,
method for finding the function f{x, ).

Necessary and sufficient condition that the differential equation
M(x, y)dx+N(x, y) dy =0 may be exact.
Necessary Condition
Suppose that the differential quation
M(x, y) dx+N(x, y) dy=0 (1)

is exact, then there exist a function f'of two variables x and y such that

of af
M, ) detNGr, ) dy=df=-det 5 dy e
Comparing we obtain
of af
8)(: _M’ ay _N ..... (3)

From Calculus we know that the mixed second partial derivatives of fare equal

o’f  of A
ovdx oxdy 77 “)

provided both sides of (4) exist and are continuous.

Note the equation (4) when written in the form
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+3)-2(3)

yields

oM _aN
o dx e 5)
which is the required necessary condition.
Suffcient condition

We shall now prove that (5) is also sufficient. This means that we must prove
that there exists a function f'such that

0 of
6—§=M(x, y) and §=N(x, y)

i.e., conditions (3) are satisfied.

We can certainly find some f{x, y) satisfying either of the above two conditions.

0
Let us assume that f'satisfies % =M (x, y) and then proceed to find y.

N Q—M
ow =M (x,»)

gives flx, )= | M (x, ) dr-+g(y)

where g(v) is an arbitrary function of y and integration is to be performed by
keeping y as constant.

0
Now if d_]): =N (x, y) is to be satisfied, we must have

orfr O
N (x, y)=a—];=5 M (x, ) dxtg () ()
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Since g in equation (6) is a function of y only, the derviative g'(y) in equation (7)
must be independent of x. This can happen if

0
N (x, y)—g .[ M (x, y) dx

is independent of x Refer equation (8)).

We shall show that

a—ax{N(x, V)~ % [ M, y)dx} 0

0 0
Since g{N(x,y) o j M(x, y)dx}

_N_ @ [ Mes, ) d
Cox oxdy (x, y) dx

N & [ M, y)d 0ol _ 0
~ ox  Oyox (5, ) dx o0yox  Ox0Oy
ON_oM

ox Oy

=0 by virtue of (5)

Thus we may write equation (8) as

g(y)=f {N(xay)—% f M(xay)dX} dy .(9)

When we substitute this value of g(y) in equation (6) we obtain
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This f(x, y) thus satisfies both the conditions embodied in equation (3) and so
M(x, y) dx+N (x, y)dy=0 is exact.

Note. To use the test of exactness, the differential equation must be in the standard
form viz.

M(x, y) dx+N(x, y) dy=0

oM ON
Working rule Equation (1) is exact iff g = . and in thus case, its general

solution is given by f(x, y)=c, where fis given by equation 10.

Let us now discuss a few examples

Example 1. Test the equation
e dx+(xe'+2y) dy=0

for exactness, and solve it if it is exact.

Sol. We have
e’ dx+(xe’+2y) dy=0
Here M(x, y)=¢* N(x, y)=xe’+2y
oM ON
Elad El

oM ON
Thus, o = £ and hence the given equation is exact. Its general solution is

given by f(x, y)=c where

Ax, y):j M(x,y)dx + J {N(x,y) - %I M(x,y)dx} dy
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:Ieydx+j{(xey +2y)—%jeydx}dy

=xe'+= I[(xey + Zy)— % xe” }dy dy
=xe'+ I [(xey +2y)— xey] dy

=xe’+2 .[ vdy

=xe’+y?
the required general solution is
xe’+y*=c, ¢ being arbitrary constant.
Aliter. We can write the given equation as
(e¥dx+xe¥dx)+2y dy=0
or  d(xe’)+d(»*)=0
or d(xe’+y*)=0
This on integration gives xe’+)*=c, ¢ being arbitrary constant.

The above method of solution is called the ‘Method of Grouping.’

Example 2. Solve the differential equation

(2x3P+x)2+3y) dx+(2x3y*+x*p+3x) dy=0
Sol. We have

(2x3+x)*+3y) dx+(2x**+x*y+3x) dy=0 (1)
Here M (x, y)=2x%+x)*+3y,
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oM

Y22
oy 6x°y*+2xy+3

N(x, y)=2x}*+x*+3x.

ON
- =0x%*+2xy+3

Ox
M N
Since oy ox

(1) is exact.

Its general solution is given by f(x, y)=c, where
0
fx, )= IM(x, ») dx+j N(x,y) —5J- M(x, y)dx dy (*)

Now .[M(x, V) dx=j(2x2y3+xy2+3y) dx

3 2
X

3, X 2
=2—y +—y" +3xy,
3 y > y y

0
5 .[M(x, ) dx=2x*y*+x*y+3x,

—ai IM(x, ) dx=(2x*y*+x*y+3x)—(2x°y*+x*y+3x)=0
Y
With these values (*) becomes

2 1
S, =3 Xy Xy 3y

the required general solution is
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%x3y3+%x2y2+3xy=c, ¢ being arbitiary constant.

Aliter. Method of Grouping
We write the given equation as

2xH dx+2x3*dy ) H(xy dx+x*ydy)+3 (ydx+xdy)=0

or % (3x* dx+3x% dy)+ % (2xy’dx+2x%y dy)+3(ydx+xdy)=0
or  2dyy+Ld?)+3 d(xy)=0
or d( %x3y3 + %x2y2+3xy)=0

This on integration gives %x3y3+ %x2y2+3xy =c
¢ being arbitrary constant.

Integration Factors (L.F.)

Consider the differential equation

dy
thyQ (1)

where P, Q are functions of x

We write the above differential equation in the form

(Q-Py) dx—dy=0

We have, M(x, y)=Q—Py N(x, y)=—1
M N
oy =P o =0

Therefore, equation (1) is not exact unless P=0.

However, if we multiply (1) by e P, ifis transformed into the equivalent equation.
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d
el de(dy + Pyj :er Pdx

X

which further can be written as

i( eIdeJ —Oe [ Pix
e Y =Qe

whose solution, on integration, yields

ye! Pl=c+ IQef Pd dx, ¢ being arbitrary constant.

We call e/ P an integrating factor (LF.).

In general, we have the following definition :

Definition. If the differential equation
M(x, y) dx+N(x, y) dy=0
is not exact but the differential equation

W, y) M(x, ) dxtp(x, y) N(x, y) dy=0

is exact, then p(x, y) is called an integration factor (L.F.)

Rules for finding integrating factors (IF.)

1. If the equation M dx+N dy=0 is of the form f,(x) ¢, () dx+f,(x) ¢, (»)dy=0,
then the integrating factor

1
HOS = 1, (), ()

2. [Ifthe equation is of the form M dx+N dy=0, where M and N are homogenous
functions of the same degree, then the integrating factor
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1
MO Y= My + Ny

provided Mx+Ny=0.

3. Ifthe equation M dx+N dy=0 is of the form

v f,(xy) dx+xf(xy) dy=0, then the integrating factor.

1
u(x, y)=m , provided Mx—Ny=0

oM ON

0 0
4. If the equation is of the form Mdx+Ndy=0 and %Zg(x), then the

integrating factor
u (x):ej g(x)dx

oM ON

5. If the equation is of the form M dx+N dy=0 and _9 X =p(y), then the
M

integrating factor

u(y)=e! 1o
6.  If the equation of the form Mdx+Ndy=0 where M and N are simple algebraic

functions we shall try an expression of the form p(x, y)=x"y"; m, n are to be determined.

Example 3. Solve the differential equation
(2xyHy*)dx+(2x*+3xy)dy=0
Sol. The given differential equation is

(2xyH?)dx+(2x*+3xy)dy=0 (1)
Here M(x, y)=2xy+)? N(x, y)=2x>+3xy
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oM _— ON
e oA
dy XTLYy o 4x+3y
M N
Since oy ox

(1) is not exact.

We first make (1) to be exact differential equation by finding the integrating
factor (LF.)

We have
_OM _ON
dy  ox _ 2(x+y)—(4x+3y)
M y(2x+y)
—2x—-y
-~ y(2x+y)

1
Z;, a function of y alone

LF. =el 1 d=glowy=y

We now multiply (1) throughout by y to get

(2xy*+y*) dx+(2x*y+3x)?)dy=0
or  (YPdx+3xy*dy)+(2xy*dx+2x*ydy)=0 (By Grouping)
or d(xy*)+d(x*>?)=0
or d(xy*+x**)=0

Integration yields, xy*+x**=c,

¢ being arbitrary constant.
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Example 4. Solve the differential equation
(0*+2x%°)dx+H(x%y—xy?) dy=0

Sol. The given differential equation is

(0 +2x%%) dx+(x>y—x3?) dy=0 (1)
Here M(x, y)=x)*+2x%? N(x, y)=x}y—x’y?
a—M 21,2 8N 21,2
oy =2xy+xy o =2xy-3x°y
| M N
Since oy ox

(1) is not exact,

We first make (1) to be exact differential equation by finding the integrating
factor (LF.)

Note that M(x, y) and N(x, y) are simple algebraic functions so we take
M, y)=x"y"

so that
X" (xxy? +2x%7)dx +xmy " (x%y—x3y?)dy=0 ..(2)

1s exact. The criterion for exactness is
Ol m n 2223_a mon, 2. 32
— XY+ 2xy )| = | (T (x Ty = xTyT)
oy ox

o

or ay

or (n+2)xm+1y"+1 +2(n+3) X2 y”+2

xm+1 n+2+2xm+2 n+3

y

— a_a)c[(xm+2yn+l _ xm+3yn+1

=(m+2)xm+1yn+]_(m +3)xm+2yn+2
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or

or

or

or

or

Comparing coefficients, we have

nt2=m+2  ...(i)

2(n+3)=—(m+3)

Solving (i) and (ii), we obtain m=n=-3

1

YHX)= (33

Multiplying (1) throughout by ——,
Xy

(Lg}dﬂp_i}
xy2 X xy2 y dy=0

(%dx+%dyj +%dxldy =0
Xy xy Xy

yex + xdy +)2cdy +%dxldy =0
(xy) x Y

d(xy)
(xy)z +d(2logx)—d(log y)=0

1
—d (EJ +d(log x*)—d(log y)=0

ol )
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x2

or log— =—,cbeing arbitrary constant.
g v 2’ g ry

Important Note. Multiplication of a non-exact differential equation by an
integrating factor thus transforms the non-exact equation into an exact one. However,
during the process there may result either (1) the loss of (one or more) solutions of the
original equation or (2) the gain of (one or more) functions which are solutions of the
new equation but not of the original or (3) both these phenomena. Thus it is to be
remembered that whenever we transform a non-exact equation into an exact one (by
multiplication) by an integrating factor, we should check carefully to determine whether
any solutions may have been lost or gained.

Example 5. Solve the differential equation
(x—4) y* dx—x* (y*-3) dy=0.

Solution. The given differential equation is

(4" dxt+(3x°—x?) dy=0 (1)
Here m(x, y)=xy*—4)? N(x, y)=3x>—x*?
a_M =4xy3_1 6y3 a_N =9)C2—3)C2y2
dy ox
oM, oN
Since P o

(1) is not exact.

However, we can write the given equation as

x—4 _y2—3d 0
3 y4 Y=
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or x_zdx_ydx_y_zdy+y_4d3;0
or d(—xN)+td2x?)+d(y ) t+d(—3)=0
or dQx*yx'1—3)=0
Integration yields
2x 7ty '—=x"'—y3=¢, ¢ being arbitrary constant.
Note. The solution y=0 of the original equation has been lost during the 'process'.
EXERCISES
Verify that the differential equations (1—=8) are exact. Solve them completely.
1. (axthy+g) dx+(hx+by+f) dy=0
2. (2y-2)dyt+(2x+3)dx=0
3. x(1+H)dxt+y(1+x*)dy=0
4.  (2x*ty cos x)dx+(3x**+sin x)dy=0
5. (2xy*H2y) dx+(2x*y+2x)dy=0
6.  (e*siny—2y sin x) dx+(e* cos y+2 cos x)dy=0
7. (1+e®) dx+e” (1 —9 dy=0
8. (ye¥ cos 2x—2¢eY sin 2x+2x) dx+(xe” cos 2x—3) dy=0
9.  Show that u(x, y)=xy is an integrating factor (I.F.) of the differential equation
(2x+y+3)dx+(x+2y+3j dy=0
X y
and hence find its general solution.
10. Find an integrating factor (L.F.) for the equation

1 4 1 3
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Bxy+y?)dx+(x?+xy) dy=-0
and hence find its general solution.
11. Find an integrating factor (I.F.) for the equation
ydx+ (x-y sin y) dy=0

and hence its general solution.

12. Show that p (x,y)= xyLz is an integrating factor of the differential equation.

(?+xy) dx-x* dy=0
and hence find its general solution.
ANSWERS

1. ax’+2hxy+by’+2gx+2fy+c=0
xX’+3x+y?-2y=c
(I+x)(1+y*)=c
X +y sin x=c¢

Xy +2xy=c

2

3

4

5

6. e"siny+2ycos x=c
7. xtye”=c

8. eYcos 2x+x?-3y=c

9. xX’y+xy’+3xy=c

10. pu(x)=x,x’y+ % x??=c

11. u@)=y, xy+y cos y-sin y=c

12. 1 o
. logx+—=c
gXx y
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Unit-1 Lesson No. 5
B.A. 2nd Semester Subject : Mathematics

Equations of the First Order but not of the First degree

A first order differential equation not solved for the derivative is of the form

dy
F@vuﬂ=mp=5§-

Equations solvable for p

Let the equation of the nth degree in p be
f(x y, p)=0.

Since it is solvable for p,

S(p-m) (p-m,)....(p-m )=0,

where m m,,......, m_are funcitons of x and y.
Solving, we have

p-m=0|p-my=0 ... | p-m =0.

Let the solutions be

f,(x,3,¢,)=0,f,(x,y,¢,)=0, ... Jf(xp,¢)=0
Since the given euqation is of the first order.
.. it can't have more than one arbitrary constant in it solution.

Forthisletc,=c, =.....=c =c, say.
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So the above solutions become
fx3,0)=0, f, (x,y,6)=0,..... /. (x,,¢)=0.
Hence the joint solution is
f(xy.0) f,(xy.0) ... f(xy.c) =0.
Note. The joint solution is also called the complete primitive.
Rule to solve :
(i) Resolve the given equation into linear factors of p.
(ii) Equate each factor to zero, which will give a differential equation.

(iii) Solve these equations to get the required solution.

Example 1. Solve the differential equation
p>—5p+6=0
Sol. The given equation is p°—5p+6=0
Solving, we obtain (p—2) (p—3)=0
. p=2,3

d
when p=2, we have d_i =2o0r y=2x+c

when p=3, we have £=3 or y=3x+c.
Hence the complete primitive is
(y—2x—c) (y—3x—)=0,

where c is any arbitrary constant.
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Example 2. Solve the differential equation
4 p’x = Bx—a)’
Sol. The given differential equation is

4p’x=Bx—-a )’

) ) 3x—a
Solving, we obtain p=ﬁ

d_y_ 3x—a
or dx 2\/;

3 1
or dyZE\/;——a/\/;
x

Integrating, we obtain

3/2 1/2

ytc=x""—a x
or (y+c)=x"? (x-a)
or (y+c)? =x(x—a)*

which is the required primitive.

Example 3. Solve the differential equation
xX’p*=2xyp+2y°—x?=0.

Sol. The given differential equation is
xX’p’=2xyp+(2y*—x?)=0

Solving for p, we obtain

3 2xyi\/4x2y2 —4x? (2y2 - xz)
2x?
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B 2xyi2x\/x2 — y2

dy _y Y’
or ——==% 1—(—j ..... (1)
dx x X
which is homogeneous in x and y.
ut y=tc o I
With these values (1) becomes
PN e
* de —
dr N dx
o Jior T
Integrating, we obtain
sin t = log x+c sin t=—log x+c

or

sin’! Z=10g cx sin! L =—log cx
X X

. complete primitive is

.Y
sin' —=+log cx
P

EXERCISE 1
Solve the following differential equations :
(@  p~7p+ti2=0
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(@)
(©
@
(¢

©
(h)
(i)

0

(@
()
(©
@
(¢

©
(h)

)

p’+p—6=0

p’+2px—3x?=0

pz—x5= 0

xp’+(—x) p-y=0
(px+x+y)(p+x+y)(p+2x)=0
p’—2p cos hx+1=0

p’+2py cot x—*=0

xyp’—(x*+y*)p+xy=0

-y +=—
( y X2

2y4

2
Xp+y—2=0
x x

ANSWERS

(4x—y+c)(3x—y+c)=0
(2x—y+c)(3x+y—)=0
(2y—x’—c)(2y+3x’—c)=0
49(y-c)*=4x"
(y=x-¢)(xy-¢)=0
(2xy+x’—c)(y+x—I1—ce™)(x*+y—c)=0
(—e—c)(y+e*-c)=0

[y(1+cos x)—c)+[y(I—cos x)—c] =0
(y*—x’—c)(y—cx)=0

g

y

y

1+—“x2_y2]+y—c] [log[i+—xz_sz—y—c1:0
Yy y
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Unit-I Lesson No. 6
B.A. 2nd Semester Subject : Mathematics

Clairaut's form and equations reducible to Clairaut's form:
Definition. A differential equation of the first order but not of the first
degree is an equation of the form

QOP n+Q1P n’1+Q2P 2, +Qn71P+Qn:O

d
where P= d_i and Q,, Q.Q,........ Q, are functions of x and y (n22), (n e N).

d
Note. It is conversion to denote ﬁ by p in equations of this type.

Type L. Equations solvable fory.

If the equation F (x, y, p) =0 is solvable for y, we can express y explicity in
terms of x and p. Thus, an equation solvable for y can be put as

=0 p) (1)

Differentiating (i) w.r.t. x., we get

dy dp}
— =p= X, Py—— ii
P F { p dx ..(11)
which is a differential equation involving two variables x and p. Let its solution be
¢ (x, p, ¢)=0 ..(iii)

Eliminating p between (i) and (iii), we get the required solution of (i)
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If p cannot be easily eliminated, then we solve the equations (1) and (iii) for x

and y in terms of p. Then the parametric equations

x=f,(p.c)
y=f,(p.c), p being the parameter

These equations together constitute the solution of (i) Clairaut's Equation

OR
Special case of Type 1.
Definition. A differential equation of the form
y=px+f(p)
is known as Clairaut's Equation, where
dy

P
Article. To prove that the solution of the equation

y=px+f(p)is
y=ex+tf(c)
Sol. The given equation is
y=px+f(p)
It is solvable fory

Differentiating (i) w.r.t.x, we have

dy dp . dp
dx P xdx /v dx

dp . dp

= pEpTx f@»dx
ap . dp _

= xdx+f(p)dx_0
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N DLt =0 )

d,
Cancelling the factor x+f (p) which does not involve —I; , we have
a _

dx

Integrating, we have

p=c ..(11)
Eliminating p between (i) and and (i1), the required solution of (i) is
y=cxtfic)
Also from (I), we have
xtf(p)=0 .(iii)

Eliminating p from (i) and (iii) i.e. solving (i) and (iii), we obtain another
solution of (i). This solution of (i) is free of any constant and is called singular solu-
tion.

Note. that (iii) can be obtained by differentiating (i) partially w.r.t. p.

Q.1.  Solve the equation

a
=xp+ (1
p=pt, (i)

Differentiating the given equation w.r.t.x, we have

b, o adp
dx dx p~©dx
9 _adp
= p=p+ dx p2 dx
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a |dp
_ L 1%
- (x pzjdx

., dp
Hence either— =0
dx

p=c

the complete solution is

L8
=cx+—
Y c

a
Also ¥~ —5=0 (2
p

Eliminating p between (1) and (2), we have

a la
From (2) P=— = p=,|—
X X

Substituting in=n (1) we have
a a
V=X, —+—F—=
X a
BRF

= Jax ++Jax
y=2\/a

Squaring both sides, we have
y*=4ax
which is the singular solution.

The parabola y’=4ax is evidently the envelope of the tangents.
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=cx+—
Y c

Q. 2. Solvetheequation
y=px-p’
Find its singular solution also.
Sol. The given equation is
y=px-p’

Differentiating both sides w.r.t. x, we have

dy dp dp

A + __2 L

dx P xdx pdx
d

- p=p+2(x-2p)=0
dx

d_p 2p)=0
= dx (x_ p)_

. dp
Either I =0
= p=c

. the complete solution is

y=cx—c?
Also x—2p=0
= 2p=x
_x
= pP=75
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Putting this in the given equation, we have

2
=1x_(£)
Y=o 2

EESE S
2 4 4
= x*—4y=0

which is the required singular solution.

Q.3. Solve the differential equation

y=px+\/a2p2 +b2,

_ Y

p_dx

Find its singular solution also.

Sol. The given n = is

y=px+ lazpz +b2

Differentiating both sides w.r.t. x, we have

1
& p+xd—p+— 2a°
dx dx 2 a’p? +b
a2
— p:p+—p X+ P =0
X a’p? +b?
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= dx 2

Eith d—p—O =
ther - -=0 = p=c

. the complete solution is

y:cx+\/a2c2 +b?

2
ap
or  xtTEo— 0
a“p”+b
_ 22.,2__4ap
Jalp? +b? x=-a%p = \a*pP+b? ===

or X (a’p*tb*) = a'p?

or a’p?(x—a*)=—-b*x*

2 b2x2 bx

= P ="52 = pP=—fF—
a (a —x) a/az—xz

Substituting in the given equation, we have

y= bx? azp
ava® - x* X
ye bx? a’ bx
ava® -x*> X g\a® —x?
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- b az—xz)

a\/ar2 - x?

-b
y= 22—y
a

Squaring both sides we have

2
y= 3 @)

which is the singular solution.

Q. 4. Solve the differential equation

y=px+ya’p’ -1,

d
p="
dx
Find its singular solution also.

Sol. The given=n is

y=px+ya’p* -b*

Changing b’ to -b° in Q. 3, we get the complete solution as

y:cx+\/a202 —b?
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and the singular solution is

Q. 5. Solve the differential equation
y=px+p’

Find its singular solution also

Sol. The given equation is
y=px+p’

Differentiating both sides w.r.t.x., we have

dy dp 2dp
—=p+x—+3p° —
dx P xdx P dx
dp 2 dp
=p+x—+3p° —
= p=p xdx £ dx
= d—p(x+3 2)=0
dx P
Eith d—p—O =
ither e = p=c

the complete solution is
y=cx+c’

or x+3p*=0

= 3p=—x
N X
P=
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1
= {3

Substituting this value of p in the given = n, we have

3/2
—X
)
3
3/2 3/2
—X —X
> =15 +3)

3/2
)
Y 3

Squaring both sides, we have

=
y'=41{77

or 27y = —4x?
= 4x3+27y’=0

which is the singular solution of given equation

Q. 6. Solve the differential equation

— x+ _ 2 =d_y
YTPXTPPL P
and find its singular solution.

Sol. The given equation is

y=px+tp-p’
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Differentiating both sides w.r.t.x, we have

dx dx dx dx

P=pict1-ap) P
= =Pr(x+i-2p)
)4
—‘,— - —_— =
= (x+1 Zp)dx 0

Eith dp _ =
ither i =  p=c

.".the complete solution is
y=cx+c—?

or x+1-2p=0

= 2p=x+1

x+1
2

= pP=

Substituting for p in the given equation, we have

x+1 x+1 (x+l)2
= X+ -5

Y= 2

= 4y=2x742x+2x+2—x"-2x—1
= 4y=x?+2x+1
= 4y=(x+1)*

which is the singular solution.
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Q. 7. Solve the differential equation

2 dy
=px+a\1l+p°,p=—
y=px p P P

Find its singular solution also

Sol. The given equation is

y=px+ a1+ p*

Differentiating both sides w.r.t.x, we have

d—y:p+xd—p+a—l ><2Pd—p

dx dx 2 l1+p2 dx

dp ap J
p=p+—|x+ =0
= dx[ \/1+p2

X+
= dx[ \/1+p2J

Eith d—p—O =
ither — = = p=c

the complete solution is

y=cxt g1+ 2
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= x\/1+p2 =—ap

= xX*(1+p?)=a’p?
- x2+x2p2—a2p2=0

= (@*—x?) p’=x’

hod —X K .
= p= = »taking —ve sign
\/a2 —x? \/a2 —x?

Substituting this value of p in the given equation, we have

y=—X al +a1f1+ X
az_xz a2_x2

_ —Xz +Cl2
az —X2
2 2

y=va —-x
Squaring both sides, we have
y2= a’—x?
- x2 +y2: @’

which is the singular solution.

Q.8. Solve the differential equation

. dy
sin(px—y)=p, p= I
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Find its singular solution also
The given equation is

sin (px—y)=p
= px—y=sin"'p

= y=px-sin' p

Differentiating both sides w.r.t.x, we have

dy dp 1

Eith d—p—O =
ither — = = p=c

the complete solution is

y=cx—sin! ¢

or xX— ! =0
1—p2
= 1-p? =—
X
1
= lp=—7%
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Substituting for p in the given equation, we have

= y= \/ —1—sin”!

y=x 1———sm /1——

Q. 9. Solve the differential equation

dy
p=3xp+3y=0, =y

Find its singular solution also.
Sol. The given=n1is
p’—3xp+3y=0
= 3y=3xp—p’
3

p
:> =pDX——
y=p 3

Differentiating both sides w.r.t.x, we have

dy dp 1, odp
Dy 13,29
ax PV T3P g
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= = +d—p(x— )=0
p=pT (P
dp
—_ . ~2\—
= I (x—p*)=0
.. dp
Either —=0 = p=c

dx

Substituting this value in =z (1), we have the complete solution as

15
y=cx—§ c
or x—p?=0
= p’=x
= p=x
Substituting this value of p in = n (i), we have
3/2

X
YT

3/2

X
NI

= 3y=2x"

Squaring both sides, we have
9y?=4x?

which is the singular solution.

Type II : Equations reducible to Clairaut's form by transformation.
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Q. 10. Solve the equatiion
y = 2pxty’p’
Sol. Multiplying =n (given) both sides by y, we have

V' =2ypx+y’p’

= Vv’=2ypx+@op)y}? . (i)
Put y’=z
b _d
= ydx dx
L i lé
= TP dx = yp—2 dx

Substituting these values in =z (i), we have

iz (1 dz)3
Z=x— 4| = =

dx 2 dx
_ &1(@)3
= = dx  8\dx

which is of Clairaut's form.

Hence the solution is

z=cx+ = ¢

8

|
or Vi=cx+ Py c’?

Q. 11. Solve the differential equation

(px—y)(py+x)=h’p
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Sol. Put x’=u, y’=v

du , dy dv dv
=—2y——=—=2yp=—

2x dx ydx dx P dx

dv _dvidu _2yp _yp

du dx|dx 2x X (1)

The given = n may be written as

y(px.i—y)(ﬂJrl) =thZ
X X

X
= {Q(xz)—yz}(ﬂﬂj —p2 2
X X X
o py v
Substituting for s from (1), we have
(uﬂ—v)(ﬂ+l] :hzﬂ
du du du
2 dv
dv du
Uu—-—v=—==*t
> du 1+
du
2 dv
= v:uﬂ: du
du 1_'_@
du

which is of Clairaut's form.
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Hence the solution is

h’ec
v=uc———
1+c

or y'=x’c—

= —cx?+ =0
d I+c

Q. 12. Solve the differential equation
x(y—px)=yp’

Sol.  Inthe given equation

Put  x’=u and y’=v

2xdx =du and 2y dy=dv

2ydy _dv
2xdx du
L YAy _dv
x dx du
yoo_dv_
= xp du p:say
X 2
or p=—p
y

the given equation becomes
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=

=

=

y .y
(=2 P)ﬁ:ﬁpz
y oy
(yz_xz P) = P?
y2=x2P+P2
v =Pu+P?

which is of Clairaut's form.

or

Q.13.

Sol.

=

the solution is

v=cu+c’

y=cx’+c?

Solve the differential equation

(y+xp)’=x’p

Put xy=z

b, _d
xdx y e (say)
xp+y=P

The given equation becomes

P=x(xp)=x(P-y)

P’=Px—xy
Px—z
z=Px—P?

which is of Clairaut's form

the solution is
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z=cx—C’

or xy=cx—c’

Q. 14. Solve the differential equation

2
dy) sdy
—| +x°—-=xy=0.
y(dx * dx *Y

L dy
Sol. Putting gy Powe have

i p=xy=0

Multiplying throughout by y, we have
ypitx’py-x’y’=0

Put x’=X and)y’=Y
2xdx =dX and 2y dy =dY

2ydy dY

2x dx _E(:P’ say.

y dy

x dx =P

y
= p=P
= Xp

= py=Px.

Substituting in equation (i), we have
(Px)*+x3. Px-x*y*=0.

= Px?+x*P—x?’=0

= P>+x?P—?=0
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= P+ XP-Y=0 ® x’=X and y’=Y
= Y=PX+P’
which is a Clairaut's form
the solution is
Y=CX+(C?

= yi=cx?+c?

Q. 15. Solve the differential equation
Y (y—xp)=xp’

Sol. The = » can be written as

x4p2
_x = 2
y-xp y
4 2
y—xp _Xxp
or 2 T 4
y y
I xp x4p2
or T2 T T 4 1
P (1)

1 1
put  x= ¥ and y= %

1 1
dx= — F dX and dy :—F dYy
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Substituting in =n (i) we have

y24
—5 _p
y ¥
X xzp ,
= 2 7P
y 2
= ———P=P’
y
- %—P:Pz,as x=— and yzé

= Y-PX=P?X

= Y=PX+P?X

which is a Clairaut's form.
the Solution is

Y=CX+C*X
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Unit-I1 Lesson No. 7
B.A. 2nd Semester Subject : Mathematics

Equations of the second order :
The typical form of equations of the second order is
2
‘;C—§+ P%+ Qy=X (1)
In the symbolic form it is written as
[D*+PD+Q] y=X
where P,Q are constants, X is a function of x or a constant and
bl
dx’ dx?
we shall deal with two forms of this equation.
(i) when the right hand side member is zero,
(ii) when the right hand side member is a function of x.
Let us consider the first form
i.e. Equation with right hand member zero
Let the equation be
d? y

dy
@ a0
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As a trial solution of (2) Let us take y=e™. Then if we put y=e™ in the left hand
side of (2) it must satisfy the equation i.e., we have

(m*+Pm+Q) e™=0
Since e #0 .. m*+Pm+Q=0 ...(3)
The equation (3) is called the auxiliary equation of (2).
Letm, m, be the roots of equation (3)

Then y= €™ and y =c"" are abviously solutions of (2). Also applying direct
substitution we see that

Y= and y=c,e""

satisfy that equation (2) and as such are solutions of (2)

We shall now consider the nature of the general solution of the equation (2) ac-
cording as the roots of the Auxilary equation (3) are

(1) real and distinct

(i) real and equal

(i)  Imaginary

(1) Auxilary equation having real and distinct roots ;

If m, m, are real and distinct, then

y=c "t et

is the general solution. Since it satisfies the equation and contains two independent
arbitrary constants equal in number to the order of the equation.

(i1) Auxilary equation having two real and equal roots:

If the auxilary equation has two equal roots, then the preceding paragraph does
not lead to the general solution.

Forif m =m,=a, say, then the solution of the preceding paragraph assumes the
form
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j— o — o =
y=(ctc,)e ce” where c=c, + ¢,

which is not the general solution, because the equation is of the second order and it
involves only one constant.

in this case the following method is adopted for finding the general solution. Since
the auxilary equation (3) has two equal roots each being equal to a., it follows that the
differential equation (2) assumes the form

dy ly
a2 e taty=0

Let y= y=e™ v, where v is a function of x be a trial solution of the equation.

Substituting this value of'y in the left side of above equation.

we have
o d*v ) d*v ]
— =01ie. —5=0, Since ¢= %
dx dx

Now integrating twice, we have

v
dx 2
and .. v=c,tcx

Hence the solution of (2) in this case is
y=(e,ten) oo
Since it satisfies (2) and contains two arbitrary constants.
(ii1) Auxilary equation having a pair of complex roots :
Let  m,=a+ib, .. m,=a—ib
the general solution of (2) is

y= Cle (a+ib)x + ¢ e(a—lb)x
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= ax(cle)ibx +CZ e—ibx

=e™[¢;(cosbx +isinx) + ¢, (coshx —isinbx)]

= o™ [(c,+c,)cos bx+i(c ~c,)sin bx]

= e™[ A cos bx + B sin bx]
where A=c +c¢, and B=i(c,—,)

are the arbitrary constants which may be given any real value we like.

Note I. In case the auxilary equation has two equal roots each equal to m, then the
solution is

y=(c,Fcx) gm
If there are three equal roots, each equal to m, then the solution is
y=(c, Fextex?) gm
Note I1. The general solutions is called the Complementary Function (C.F.)

Q. 1. Solve the differential equation

d’y  .d
2435 10y=0

dx? dx
Sol. The equation can be written as
(D*+3D-10) y=0

The auxilary equation is

m’+3m—10=0
= (m+5)(m—2)=0
= m=-5,2

the general solution is
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y= Cle_sx + Czezx

Q. 2. Solve (D*-D*-2D-12)y=0

Sol. The auxilary equation is
m’—m’—2m—12=0

= (m-3)(m*+2m+4)=0

Now m=3 satisfies the equation

applying synthetic division, we have

3 1 -1 -2 —-12
3 6 12
1 2 4 -0

the remaining equation is
m?+2m+4=0
m=3
and m is given by
m’*+2m+4=0

_2%4/4-16

2

m

24243
2

——li\/g i

the solution of differential equation is
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- - ' 13
V=0 +cpel V30, +cye V3 i

= +e (4 cos\/3_x+Bsin\/3_x)

d3y dzy
.3. Solve —5—-3—5+4y=0
Q v dx’ dx?

Sol. The equation can be written as
(D*-3D*+4) y=o
The auxilary equation is
m’=3m’+4=0
m=— [ satisfies the equation

by synthetic discussion, we have

-1 1 30 4
1 4 4
1 4 4 0

the remaining equation is

m’—4m+4=0
(m-2)*=0

= m=2,2

Hence =1,2,2
the general solution is

Y=cie +(cy + c3x)e>”

106



Q. 4. Solve the differential equation

d*y  dy
—5+6—+13y=0
dx? dx .

Sol. The equation can be written as
(D*+6D+13)y=0
The auxilary equation is
m’+6m+13=0

o —6++/36-52
2

_ —6+v-16
2

—6+41i
=", =31t2

the general solution is

Y=cje ¥ (A cos 2x+ B sin 2x)

Q. 5. Solve the equation
(D*+6D*+11D+6) y =0
Sol. The auxilary equation is
m3+6m*+11m+6=0
m=—] satisfies the equation
By synthetic division, we have
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The remaining equation is
m’+5m+6=0

= (m+2)(m+3)=0

= m=-2,—73
the roots are -/, -2, -3

the general solution is

Y=cie " + e P+

Q. 6. Solve the equation

d’y . dy
—5 +5—4+4y=0
dx* dx Y-

Sol. The equation can be written as
(D*+5D+4) y=0
The auxilary equation is
m’+5m+4=0
= (m~+1)(m+4)=0
m=—1, —4
Hence the solution is

Y=g + e
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Q. 7. Solve the equation

Ly _d,
dx? dx Y

Sol. The equation can be written as
(D’-2D+1) y = 0

The auxilary =n is
m’-2m+1 = 0

= (m—1)> =0

= m=1,1
the solution is

y=(c,tcx)e”

Q.8. Solve the equation

2
d—§+6d—y=0
dx dx

Sol. The equation can be written as

(D*+6D)=0
The auxilary equation is
m*+6m =0
= m(m+6)=0
= m=0, —6
the solution is

y= e + ¢y eo=cie % + ¢y
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Q. 9. Solve the equation

dzy dy
—5 +(a+b)——+aby=
2 (a )dx aby=0

Sol. The equation can be written as
[D*+(a+b)D+ab]y=0

The auxilary equation is
m?+(a+b)m+ab=0

or (m+a)(m+b)=0

= =-a,-b
the solution is

y=ce ™+ cze_bx

Q.10. Solve the equation
[D*+6D+25]y =0
Sol. The auxilary is

m’+6m+25=0

L ~6+4/36-100

2

—6+~/—64 .

the general solution is

Fcle(—3+4l)x +Cze(—3—4l)x

=e—3x[cle4ix +Cze—4ix]
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= ¢ 3[¢;(cos 4x +i sin 4x) + ¢, (cos 4x —i sin 4x)]

= e [(¢, +¢y) cos 4x +i (¢; —¢y) sin 4x]

Y= 3% (A cos 4x + B sin 4x)

where A=c+c,andB=i(c—c,)

Q.11. Solve the equation
(D*+D*-D-1)y=0
Sol. The auxilary equation is
m+m’-m-1=0
m = 1 satisfies the equation

By synthetic discussion, we have

L S T B B
1 2 1
1 2 1o

The remaining equation is
m’+2m+1 = 0

= (m+1)°=0

= m=—1, -1
the roots are 1, —1,—1

the solution is

y= (C1+C2X) e_x + C3€x
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Q. 12. Solve the equation

2

Z’x_{ =7 % +12y=0

Sol. The equation can be written as
(D>-7D+12) y=0

The auxilary equation is
m’—7m+12=0

= (m—3)(m—4)=0

= m=3,4

the solution is

y= e’ +cret

Q.13. Solve the equation

Sol. The equation can be written as
(2D*-3D+1)y=0

The auxilary equation is
2m*-3m+1=0

= 3+v9-8 _ 3+1 _q

1
4 4 2

the solution is

y=cie* +cre™?
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Q. 14. Solve the equation

d’y  dy
—— 4= 14y=0
dx? dx y=

Sol. The =n can be written as
(D*4D+4)y=0

The auxilary =nis
m’—4m +4 =0

= (m-2)> =0

= m=2,2
the solution is

y=(c, T cx) e*

Q. 15. Solve the differential equation
[D*-2mD+(m?*+n?)] y =0

Sol. The auxilary equation is

D?>-2mD+(m?+n?)=0

D= 2mi\/4m2 —4m? —4n?

_2m+N —4n?

2

_ 2m+2ni

=m+n

the general solution is
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y = e (A cos nx+B sin nx)

Q. 16. Solve the equation

Py dPy  dy
=4+ 5= 230
dx> dx? dx Y

Sol. The equation can be written as
(D>4D*+5D-2)y=0
The auxilary equaton is
m—4m?+5m—2=0
m=1 satisfies the equation

by Sythetic division, we have

1 1 4 5 2
1 32
1 -3 2 o

The remaining equation is

m’—3m+2=0
= (m—1)(m-2)=0
= m=1, 2

therootsare 1,1, 2
the solution is

— 2
y=(c tcx)etc.e™
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Q. 17. Solve the equation

d’ d? d
y Y 4P g
X

dx’ dx?
Sol. The equation can be written as
(D*-2D*+4D-8) y =0
The auxilary equation is
m’>—2m*+4m-8=0
m=2 satisfies the equation

the Synthetic division, we have

2] 1 2 -8
2 0
1 0 4 0

The remaining equation is

m*+4 =0
= m?=—4
= m=+21

the rootsare 2, + 2§

Hence the solution is

y= Cler + A cos 2x + B sin 2x
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Q. 18. Solve the equation

d’x dx )
—— —3—-+2x=0, given that when =0, x=0
dt dt
d ﬂ—O
an dt

Sol. The equation can be written as
(D>-3D+2) x=0

The auxilary equation is
m>-3m+2 =0

= (m—1)(m-2) =0

= m= 12

the solution is

X= Clet + CzeZt

when t=0,x=0

= O=cl+c2 .

dx
Again i ce’ + 202€2t

h =0 d—x—O
when =0, =
= 0=cj+202

Subtracting (i1) from (i), we have

—cz=0 = cz=0
0=c1+0
= cl=0

the solution is
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x=0

Q.19. Show that the solution of
x+Kx+ uwx=0is

t
x=e 2 (A cos nt + B sin nt)

where n’= u —%KZ and n is real, dots

denoting differentiation w.r.t. t
Sol. The equation can be written as

d_zx +K ax +ux =0
dt dt
or (D*+KD+p) x=0
The auxilary equation is
m*+Km+p=0

_—K+2{K* -4p

m:
2

_—K+2\K*/4—p

2

_—K+2 —n?

2
_ —K+2ni K
2 2

the solution is

+ni

—~ Kt

O —

x=e (A cos nt + B sin nt)
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Unit-I1 Lesson No. 8
B.A. 2nd Semester Subject : Mathematics

Equations with right hand member a function of x :
Let the equation be
d’y  ,dy

dx_2 +P E + Qy=x (function ofx) ... (1)

If y= ¢ (x) be the general solution of
d’y  ,dy

dx_2+ PE +Qy=0 ..(2)

and y= y (x) be any particular solution of (1), then
y=0 (x) + v (x) is the the general solution of (1)
The result can be established by direct substitution.

Thus, substituting y = ¢(x) + y(x) in the left hand side of (1), we have

d¥

2
2
dx

dx* dx

6ZIZ(Z}JrP%+Q¢5

+ +P£+Q‘P‘
dx

The first group of terms is zero, since y= ¢(x) is solution of (2) and the second
group of terms is equal to X since y=y(X) is a solution of (1). Hence y= ¢(x)+y(x)is
asolution of (1) and it is the general solution, since the number of independent arbitrary
constants in it is two, ¢(x) being the general solution of (2)
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We have two solutions

(1) The Complementary Function (C.F.) when the equation is equated to zero.
This has already been discussed in Lesson No. 6.

(2) The particular integral (P.1.) when the equation is equated to X.

1 .
D—A"

Art. 1. The Inverse operator

We have to find the value of u, where u is a function of x.

D—-a

Let u=z

D—a
Operating upon both sides by D-a, we get
(D—a) z=(D—a) (D—a)'u

= (D-a) z=u

dz
or——-az=u

dx
which is linear differential equation of the first order

.. Its solution is
z=e™ I ue ™ dx, The LF.=el =g

Omitting the constant of integration

1
D—-a

Thus u=e™ .[ue*“ dx (1)
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Important Forms of Particular Integrals :

1
(1) Value of f(D) e
D(e*™)=ae™
D2(eax):a2 e
D3(eax):a3 e
D" (ea®)=a" e*x

Therefore f(D) e*=fla) e*

1
Operating by f( D) on the both sides of this equation,

We have

1 ax
e“=f(a) {me }

. 1 axX— 1
(D) fla)

e, provided f(a)=0

Case of failure
If f(a)=0, then D—a is a factor of f(D), this is a case of failure
Suppose f(D)=(D—a) F(D) and F(D) does not contain the factor D—a, then

1 1 1

— ax

7D D-a FD)
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1 1
" F(a)D-a®

ax

—1 -
—F(a)e je € i

b
:F(a)e X

R 1 eax_xeax
/(D D-a F(D)  F(a)

Similarly if (D—a)? occurs as a factor in f(D), say, then f(D)=(D-a)? F(D)

S 1
e e = e
f(D) (D-a)* F(D)

ax

11 1
“F(a)D-aD-a°®

1 1
~ F(a) D—a*®

1 -
=F(a)e je xe“dx

1
:F(a) e .[xdx
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1 r
T F(a) ¢ 2!
x2 R
~21 F(a)
1 1 1
Similarly se” = e
(D-a) D-a(D-a)
x2
:; _eax
D—-a ( 2! j
2
X
=e™ | —dxx
2!
3
- eax
3!

Continuing like this we get after n operations.

1 o X"
j— eax

(D-a)" n!

Thus we have the results as

1 1
1. ¢ =, e~ provided f(a)=0
J(D)° T f(a) - providedita)
1 ax 1 ax 1 . .
2. e’ = e =—¢% asis substituted for D.
D+a ata 2a
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Q.1

Sol.

3. D er=x e~
4 1 ax =ﬁ ax
© (D-a) 2!
1 3
5. aX— _____ ,ax
(D-23° 3¢
1 ax _x_r ax
6 (D-a)" r!

Solve the differential equation

2
IV D
dx*  dx

The equation can be written as
(D*+D+1) y=e~
The auxilary equation is

m’*+m+1=0
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1
C.F.zezx(A cos?xjL Bsin?xj

L
RSO E ISR

—X —X

Hence the complete solution is

1

—X

y=¢ 2 (A cos§x+B sin%xj +e ¥

Q.2. Solve the equation
(D*+4D+3)y=e

Sol. The auxilary equation is
m*+4m~+3=0
= (m+1)(m+3)=0
= m=—1,-3
CF=ce*t+ce™

1
Pl=—">—"_Z¢€*
D?>+4D+3 ¢

1

zm ¢, Here f{D)=0
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1
T (D+3)(3+1) €

—3x

.". the complete solution is

—3x__ 1

1 —3x
> xe

— —X
y=c,e*tc,e

Q.3. Solve the differential equation

d*y . dy
Y 39 5
dx? dx Y

Sol. The equation can be written as
(D*-3D+2) y=e¢*
The auxilary equation is
m?-3m+2=0
= (m—1) (m—2)=0
= m=1, 2

C.F.=cle*+c2e2"

]

Pl= e
D?>-3D+2
I
“(D-2)D-1)¢
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1
“(1-2(D-1H°¢

_
- D-1

=x e
.". the general solution is

y=c,e*+ce”—xe

Q.4. Solve completely the equation

d2y dy
__4__|_ —& 2%
dx? dx 3y=Se

Sol. The equation can be written as
(D*-4D+3)y=5¢e*
The auxilary equation is
m*~4m+3=0
or (m—1) (m—3)=0
m=1,3

CF. =clex+cze3x

3 R —— 2x
Again P.I. D2_4D+35e
1
— 2—62):
D" -4D+3
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Q..
Sol.

4843

=5
the complete solution is

y=c e +c,e’-5e*

Solve (D*-4D+3) y=e*
AsinQ4

C.F.=cle"+cze3)c

the complete solution is

= 3x l 3.
y=cetc,et5xe”
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Q.6.

Sol.

Q.7.

Sol.

Solve the equation
(D-a)’ y=e=

The auxilary equation is
(m—a)*=0

m=a, a, a

C.F=(c,tcxtcx’)e™

1
Pl= (D—a)3 e
3
:x_ ax _ = 3 ax
3!€ —6xe

the complete solution is

1
y=(c tcxtcx’)e"+ gx3e‘“‘

Solve the equation :

d’y . dy
—+3——42y=
dx? dx 7 ¢

The equation can be written as

(D+3D+2) y=¢'

The auxilary equation is

m*+3m+2=0
-3+49-8 -3+1
m= 5 = 5 =—1,-2
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CF.=ce*+tc, e

1

Pl=—5———¢
D> +3D+2

1
T1213.142¢

1 .1
T1e3+2° " 6°

the solution (complete) is

|
y=ce*tc, e ge

Q.8. Solve the equation

d’y dy
_+2 — (P2 +a? )=
) P (r°+q’)y=e

Sol.  The equation can be written as
[D*+2pD+(p*+q?)]y=0
The auxiliary equation is

m*+2pm+(p*+q*)=0

= —2pi\/4p2 —4p2 —4q2
2
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_2p% —4q2
2

_ 2p*2qi

2

=ptqi

C.F.=e?™(A cos gx+B sin gx)

1

= e
P.L D’ + 2pD+ p2 + q2

ax

1
— e
a+pa+p’+q°

1
= 2.2
(a+p)”+q
the complete solution is

y=e™ (A cos gxtBsingx) +————— ¢
2, 2
(a+p) +q

Q.9. Solve the equation :

>y _d*y  dy
——3—+4 Y e
o ad a2

The equation can be written as
(D*-3D*+4D-2) y=¢*

The auxilary equation is
m*-3m+4m-2=0
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m=1 satisfies the equation.

By synthetic division, we have

1 1 3 4 2
1 -2
1 2 2
The remaining equation is
m>-2m+2=0
2+4/4-8 2++-4
m: =
2 2

242 1
m=1, 1+i

C.F.=c,e'te" (A cos x+B sin x)

1

Pl=———s ¢
D*-3D*+4D-2

= 1 e
(D-1)(D*-2D+2)

= 1 e
(D-1)(1 =2x1+2)

1 L,
(D-1)1-2+2
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=xe*
the complete solution is
y=(c,TA cos xtB sin x) e*+xe*

=(c,+A cos x+B sin x+x) e*

Q.10. Solve the equation
i;y 3 22;} 3j—y +y=¢*

Sol. The equation can be written as
(D*+3D*+3D+1)y=e*

The auxilary equation is
m3*+3m*+3m+1=0

=  (mt+1)=0

= m=1,-1,-1
CF=(c,tcxtcx’)e”

1

P.l= a
D*+3D*+3D+1°

|
“(D+1)* €

the complete solution is
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X
— 2 —) _—
y=(c,tcntex’) e+ 6 ¢ x

2,1 3
= C1+sz+C3x +gx e

Q.11. Solve the equation :

d’y . dy
—5 +5——+6y=e*
dx* dx e

the equation can be written as
(D*+5D+6) y=e*

The auxilary equationis
m*+5m+6=0

=  (mt2)(m+3)=0

= =2,-3

CF.=c, e*2X+cze3"

2x

22+5><2+6e

133



the complete solution is

2x

y=ce™+c, e+ e

20

Q.12. Solve the equation :

d*y  dy
4—+4— 3y=g>
dx? dx y=e

Sol. The equation can be written as
(4D*+4D-3) y=e*

The auxilary equation is

4m*+4m-3=0.

nr—4i¢m+48_—4iJ§I
8 8

48 31

8 272

C .cml el/2x+C2 673/2x

1
4p*+4p-3°

2x

PI=

1
T4x22+4x2°

2x

T 16+8-3°
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Q.13.

Sol.

Q.14.

Sol.

the complete solution is
1/2. 3/2. 1 2.
= X —J/2X | —— X
y=c, e’“tc, e+ 5 e

Solve the equation :
(D+3)=25¢*

The auxilary equation is
(m+3)*=0

m=13,-3
CF.=(c,+cx) e™

1

Pl=—"—""725¢e"
(D+3)

1
=25 (2+3)2 e

1
— —_— XX — 2%
25. 25 e”=e

The complete solution is
y=(c,tcx) e’ +e*
Solve the equation
(D?+9) y=9¢*

The auxilary equation is

m>+9=0
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Q.15.

Sol.

m>=9
m=+23i

C.F.=A cos 3x+B sin 3x

=9
3249

9

- e3x: — e3x

18 2

the complete solution is

y=A cos 3x+B sin 3x+%e3"

Solve the equation
(D*+6D+9) y=2¢3*
The auxilary equation is
m*+6m+9=0
(m+3)>=0

=3,-3
CF=(ctcyx) e™

1

Pl=—5——2¢%
D> +6D+9°¢
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— x26—3x
the complete solution is
y=(c,tcx) e +x’e ™

y=(c,tcxtx’) e

Q.16. Solve the equation

o
2 —a’y=e

Sol.  The equation can be written as
(D*~a?) y=e

The auxilary equation is

m?—a*=(

=  m*=a’

ax

= e
(D+a)(D-a)
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1

1
—2axe " 2a

eax

the complete solution is

y=ce“tce“t_—e”

2a

Q.17. Solve the differential equation

Sol. The equation can be written as
(D*-D*-D+1) y=¢*
The auxilary =n is
m*—m’*~m-+1=0
m=1 satisfies the equation

By synthetic division, we have

11 - -1 1
1 0 -1
1 0 -1 |0
The remaining equation is
m’—1=0
= m*=1
= m=tl
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The rootsare 1, 1, -1
CF=(c +cx) etce™

1

Pl=—%"—"—7F5—" ¢
D}-D?+D+1

= 1 ex
(D-1)*(D+1)

o,
D-1)2(1+1)

—l ﬁex—— Zex
2 Tt e

Complete Solution is

y=C.F. +P.L

I 5.
=(c,tcx) e+ cje*“rzxze

Q.18. Solve the equation
(D’-3D*+4) y=¢’*
Sol. The auxilary equation is
m*-3m?*+4=0
m=1 satisfies the equation
By Synthetic division we have
-1 1 -3 0 4
-1 4 —4
1 —4 4 |0
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The remaining equation is

Q.19.

Sol.

=

m’—4m+4=0
(m—2)=0
m=2,2=>m=-1,2,2

CF.=ce*+(c,tcx)

1
D3 3D +4°

3x

PI=

1
33_33244°

3x

A=

the complete solution is

1
— — 2: — 3
y=c, e*t+(c,tc, x) e+ 1€ v

Solve the equation

d*y . dy
—5+2——+4y=2e™
dx? dx ym=e

The equation can be written as
(D*+2D+1) y=2e*
(D+1)=2¢"

The auxilary equation is

(m+1)=0
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= m=1, -1

CF=(c,tcx) e*

2x

1
7 2e

P.I.ZH

]
A ——
2(2+1)2‘3

—— 52
= e
9

the complete solution is

2
y=(cj+czx) e”‘-f—g e

Q.20. Solve the equation

ﬁ 4y—(1+e)’=0
dx? 4

Sol. The equation can be written as
(D*-4) y=(1+e'y?
The auxilary equation is
m>—4=0

= m=4=m+2

C.F.=cle2"+cze*2"

(1+e%)?

Pl=
D> -4
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P (20t

=202

1 1
“D+20-2¢"2 (Dr2D-2)¢

|
TD+2(D-2)¢"

1 1
=0+20-2) ¢ 2 (11 2)(1-2) ¢

I
T2+2D-2)¢

the complete solution is

2
X
yzcleZ)c_+_C.Ie—2)c_Z ——e + _erx

3 4
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Unit-111 Lesson No. 9
B.A. 2nd Semester Subject : Mathematics

Preliminary

The study of equations.

dx _dy dz

P Q R

where P, Q and R are functions of x, y, z play important roles in the theory
of partial differential equations, and it is essential that they should be understood
thoroughly before the study of partial differential equations.

Method of Solution
First Method
We have

dx _dy _dz _ldx+mdy+ndz

P Q R [P+mQ+nR

If [, m, n are such that /P + mQ + nR = 0,

then we get ldx + mdy + ndz = 0
If it is an exact differential du (say), then u = a is one part of the complete
solution.

Similarly, if we can choose I, m', n' such that

I'P+m'Q+nR=0
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We get l'dx + m'dy + n'dz = 0

This gives another integral v = 6 on integration. Then the two integrals so
obtained form the solution.

Second Method

The equations are

& dy dz

P Q R

PQ

an integral u (x, y, z) = a, where a is an arbitrary constant.

Take any two members (say) and integrate this equation to obtain

dx  dz

Next choose other two members P :6 (say)

This on integration gives another integral v(x, y, z) = b, where b is an arbitrary
constant.

The two integrals so obtained form the complete solution.
Third Method

When one of the variables is absent from one equation of the set
& _dy_dz
P Q R

We can derive the integrals in a simple way. Suppose, for the sake of

definitensess, that the equation.
de _ds
Q R

may be written in the form
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dy

E = f(yaz)
This equation has a solution of the form
d@» zc)=0

Solving this equation for z and substituting the value of z so obtained in the
equation.

& _dy
P Q

We obtain an ordinary differential equation of type
dy

o 8Mye)=0

whose solution
V= c,6)=0
may readily be obtained
We discuss here a few examples.
Example 1. Solve the equations.

dx dy  dz

y—z_z—x X—y

Solution. We choose
I=1,m=1,n=1
so that /P + mQ + nR
=0z +(Ezx)+(xy) =0
So the function u (x, y, z) assumes the form
du = ldx + mdy + ndz

=dx +dy +dz (o l=m=n=1)
=d @yt
u@ y,z)=x+y-+z
Similarly, if we take
I'=x, m=y n' =z
so that /'P + m'Q + n'R
=x(=z) +ty((zx) +tzxy =0
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So the function v(x, y, z) assumes the form
do =10'dx + m'dy + n'dz
= xdx + ydy + zdz

L (2er2e)
2

x>+ y2 +22
vy z)= ———
2

Hence x +y +z = a, >+ +22=b
form the complete solution (a, b being arbitrary constants)

Example 2. Solve the equations

dr_dy_d:

vz ozx Xy

Solution. We take first the two members

dx_@

yz ozx
which gives xdx — ydy = 0 or d (x**?) = 0
This on integration yields x> — y? = a
Similarly, if we take the two members

Y _d

X Xy

we obtain integral y*> — z2 = b

.. the two integrals are
22 =a 2 -2 =b

where a, b are arbitrary constants.
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Example 3. Solve the equations

& dy &
X+z y Z—|—y2

Solution. We have from

dy dz
7_z+y2
%_Z+y2
dy y
dz
or d_y—y*z:y (i)

which is a linear differential equation

This equation has a solution of the form

z = {clJr.[ye

Lz=c Yyt (i)
Wih this value of z, we have from

1
[~d z

;y } I z
dy I;dy or y—c1+y

dx _Q
x+z y

dx dy dex 1

x+cly+y2 y or d_y_;x =c,ty (iii)

This again is a linear differential equation whose solution is given by

1
‘I;dy Hay
x = cz+f(c1+y)€ e”
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X 1
S = o ey
=c,tey logy +y
orx =c,y ty(clogy+y)
Thus the two integrals of the given differential equations are
Z=cly+y2,x=c2y+y(cl10g+y)
where ¢, and c, are arbitrary constants.

EXERCISES

Solve the following differential equations :

dx _ dy _ dz
x(y-z) y(z-x) z(x-y)

dx o dy  dz
2. y2+z2— ¥ 2xy 2xz
dc dy dz
3 y+z z+x Xx+y
dx 3 dy B dz
4 xz(y3_z3) yz(z3_x3) R (x3_y3)
dx dy dz
5. = =
mz—ny nx—Ilz ly—mx
dc dy dz
6. y3x—2x4 2y4—x3y ZZ(x3 —y3)
dc dy dz
T oxz 2yz 2 —x?—)?
xdx dy dz
8. -

z* —2yz—y2 y+z _y—z
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ANSWERS
X+y+z=axyz=">
y=az, x>+’ + 22 = bz
x-y=a@x), x-y*x+y+z=>b
Rt P42 =g+l =
Ix +my+nz=a x>+)y>?+22=0»
x2y223=a,(x3+y3)z3=b

y =ax, x> +y* + 22 = bx

e SN

X+ +2=a )" -2z =b
PARTIAL DIFFERNTIAL EQUATIONS
Partial differential equations arise in Geometry and Physics when the number
of independent variables in the problem under discussion is two or more. However
the study is generally confirmed to when z is a function of two independent variables
x and y ; we write

z=f(xy

0z 0z
a the partial derivative of z w. 1. t. x, is denoted by p, so that p o

0z 0
Similarly 5 the partial derivative of z w. r. t. y, is denoted by ¢, so that q=a—z.
y

Also the second partial derivative, of z w. r. t. x and y are denoted by 7, s and ¢, so
that
0%z : 0%z ; 0%z
}/‘ = N = N =
ox? Oy Ox 0 y2
Definition. Partial differential equations, into which two independent variables

atleast, and partial derivatives with respect to any or all these variables, may enter.
For Example

22 292 2
X o z v (D)
0’z 0%z 6_22

o2 +(a+b) 2y o +ab 8y2 =Xy ... (2)
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are partial differential equations.

The order of a partial differential equation is determined by the highest order

partial derivative in it. Thus (1) is a partial differential equation of order and (2) is
of order 2.

Formation of partial differential equations
Partial differential equations can often be formed

(a) by the elimination of arbitrary constants from a given relation between
the variables.

(b) by the elimination of arbitrary functions of the variables.
(a) Elimination of arbitrary constants
We illustrate this the help of examples.
Example 1. Eliminate the arbitrary constants a and ¢ from x* + ° + (z — ¢)’ = &’
Solution. We have the relation
x2+y2+(z—c)2=a2

Differentiating (1) partially w.r.t. x and y respectively, we obtain

2x+2z-¢p=0 L. (2)
2x+2(z-¢)g=0 . 3)
( 0z 0z ]
. Yo =P =49
From (2) and (3) we obtain ox oy
X _p
; —; or gx —py=0 ... (4)

Note :- This is a partial differential equation of order 1. This equation is also
linear i.e. powers of p and ¢ are both 1.

Example 2. Eliminate the arbitrary constants @ and b from z = (x — a)*> + (y — b)?

Solution. We have the relation

z=@-a}+@y-by (1)
Differentiating (1) partially w.r.t. x and y respectively, we have

@ 2 2

A Gl 2
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0z

5:2();_[;) ............. 3)

Squaring and adding (2) and (3) we get
(%j2 + % ’ =4 24 b 2
Ox ay - [(x_a) (y_ ) ]

or p2 + q2 =4z (4)
[+ (—a)’ + (y-b)* = Z]

Note : Equation (4) is a partial differential equation of order 1 but non-linear.

Example 3. Eliminate the arbitrary constants a and b from z = ax + by +a*> + b?
Solution : We have the relation
z=ax+by+a*+b> (1)
Differentiating (1) partially w.r.t. x and y respectively. We get

Oz Oz

— = — =b

x oy
or p=aqg=b . (2)
From (1) and (2) we have

z=px +qv +p*+q* (3)

This is a partial differential equation of order 1 but non-linear. Equation
(3) is a partial differential equation in Clairaut’s form.

Note : In case the member of arbitrary constants are more than two, then
three relations namely, the given relation and the two relations obtained by partially
differentiating w.r.t. x and y, are not sufficient to eliminate these constants. Therefore,
in this case we have to take relations involving higher derivatives and the differential
equation would not be of order 1. The following example would illustate i%.

x
Example 4. Eliminate the constants a, b, and ¢ from the relation —2+b—2+ - =1
a c

Solution. We have the relation

2 2 2
a b C (1)
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Differentiating (1) partially w.r.t. x and y respectively, we have

2,20
2 2o Y e 2)
2y 2z 0z

and 2 +c_28_y =0 (3)

2t2p=0 2"
y z
22 a=0 (3"

Loz 0z
Py

There being three constants a, b, ¢ these cannot be eliminated from (1), (2'),
(3"). Therefore we need one more relation.
Differentiating (2') again partially w.r.t. x, we get

2
z
p—2+c—2r=0 “4)

1
a ¢
Multiplying it by x and subtracting (2') from it, we get
1
z [xp*txzr — pz] = 0

or pz = xp* + xzr %)
This is the partial differential equation obtained after eliminating a, b, ¢ and

1s of order 2 | - o2

Note : Other partial differential equations can also be obtained; for example,
if we differentiate (3') partially w.r.t. y, we get
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1 q2 z
At o

Multiplying it by y and subtracting (3') from it, we get

]
2l q*+yzt—zq] = 0

or gz=yg>+yzt . (6)
This again is the partial differential equation obtained after eliminating a, b,

- 0’z
¢ and is of order 2. 't:a 2
X

(6) Eliminating of arbitrary functions.
Consider a relation.
Fwwvw=0 (1)

where u and v are known functions of x, y, z and F is an arbitrary functions
of u and v.

We shall show that elimination of F leads to the partial differential equation
of the form Pp + Qg = R where P, Q and R are functions of x, y and z.

If we differentiate equation (1) w.r.t. x and y respectively, then

(o ) (0 )
o\ o 6up v\ B aZP =0 s (2)
OF(ou ou ) OF(ov o
au a)} aZ q av ay az q = O ------------- (3)
L oF : :
Eliminating W and N from equations (2) and (3), we obtain
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oo
ox ozt oax ezt

ou Ou ov 0Ov
——t9 ~ Tt 9
oy Oz oy Oz

Expanding this determinant we obtain

Ouov Ouov Ou ov Ou ov Ouov Ou Ov
————— TP A T At A ] q=0

Ox Oy Oy Ox 0z 0y Oy Oz Ox 0z 0Oz Ox
oor Pp+Q¢=R L. 4)
where
dudv_ouov
P =% oo
udv_udy
0z Ox Ox Oz
Ou 0v  Ou Ov

R= Ox Oy Oy Ox

Example 1. Eliminate F from F (¢, v) = 0, where
u=Ik+my+nz,v=x*+y>+z22
Solution. The elimination of F leads to a partial differential equation of the form.

Pp+Q¢=R . (1)
where

Ou 0v 0Ou oOv

=m.2z—-n 2y =2 (mz—-ny)
oudv_audw

Q= 0z Ox Ox Oz
=n.2x-1.2z=2 (nx — 1z)
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Oou ov Ou ov

R= 5 war

=102y -m2x =2 (ly — mx)
With these values of P, Q and R we have from (1)
(mz—ny)p + (nx —1Iz) g =Ily — mx
which is the required partial differential equation of order 1. This is linear also.
Example 2. Eliminate F from F (u, v) = 0 where
u=x>+y>+z2, v=z22-2xy
Solution. The elimination of F leads to a partial differential equation of the form

Pp+Q=R L (1)
where
dudv_oudv
oy 0z 0z Oy
=2y.2z—-2z (2x) =4 (y+x) z
Ou Ov Ou Ov

U= oo xoz
=22 (2y)—-2x(2z) =4 +x)z

= 2x (20) — 2y (-2)) = 4 (@Y
With these values of P, Q and R we have from (1)
z(x+yYp-zh+yq=y -x
which is the required partial differential equation of order 1. This is linear
also.
Linear partial differential equations of the first order.
These are partial differential equations of the form

Pp+Q=R (1)

where P, Q and R are given functions of x, y and z [which do not involve

Oz

0z
p or g/, p denotes a0 denotes a_y and we wish to find a relation between x,

v and z involving an arbitrary function.
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The first systematically theory of equations of this type was given by
Lagrange’s. For that reason equation (1) is frequently referred to as Lagrange’s

equation.
Lagrange’s reduced the problem of finding the general solution of (1) to that
of solving an auxiliary system (called the Lagrange system) of ordinary differential

equations.

& &y _&
P Q R e 2)

by showing that
F (u, v) = 0 (F, arbitrary) ... 3)
is the general solution of (1) provided
u y z)=a
vix,y,z)=b 4)
are two independent solutions of (2)
Here a and b are arbitrary constants and atleast one of «, v must contain z.
Example 1. Find the general solution of the partial differential equation x*p
)%= (x +y)z
Solution. The given partial differential equation is
Xp+yg=Cx+y)z (1)
The auxiliary system is

& _dy__ d
Xz yz (x+y)z

dx dy
Taking x_z_y_z we obtain

xt—yl=a L (3)

dz  dx-dy

x+y)z B x2 —y2

Also (
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dz _dv—dy
or T2l

Integrating we obtain

X—-y
~T T =a =b
Xy z
y—Xx

or =a
Xy
z__ @
or o b (-0 x—y=bz) or
X__a
or b
= ¢, say
The general solution is
X7V _
F (z S j =0 (5)
where the function F is arbitrary.
Xy
Check. Here u (x, y, z) = ~
X—y
vy z)= -
bz
y—x ——bz—xy =a
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The elimination of F from (5) leads to a partial differential equation of the
form

Pp+ Qg =R
where

Ou Ov 0Ov ov

P= Oy 0z 0z Oy

L

Q= 0z Ox Ox Oz

(B

Oou ov Ou Ov

(19T

Substituting these values in Pp+Qgq = R, we obtain

2 2
o5

px* gt = (x )z
which is the required partial differential equation.

w |

Example 2. Solve y + z)p + z +x) g =x + y
Solution. The given partial differential equation is
vV+tz)pt@z+x)g=x+y . (1)
Here P=y +2z Q=z+x R=x+y
The auxiliary system is
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¥

5"

dx dy dz

& @
P R

or = =
ytz z+x xty

dx —dy dy—dz

Each ratio = (

dy—dx dz—dy
or —____ T T
y—x zZ—X
o= _de-y)
y-x)  (z-y)
. . y—x
Integration yields —y a

dy—dz dx+dy+dz
z—y  2(x+y+2z)

Also, each ratio =

dx+y+z) d(z—-y)
SR AL A R £
(x+y+2) (z=»)
Integration yields

(x+y+z)(z—y?>*=hb
Hence the general solution of (1) is

F (y‘x,<x+y+z><z—y)2j o

z=y

or

where F is arbitrary.

Example 3. Solve

(mz—ny)p + (nx —Ilz) g = ly — mx

y+z)—(z+x) - (z+x)—(x+y)

Solution. The given partial differential equation is

(mz—ny)p + (nx —Ilz) g = ly — mx
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Compare it with Pp + Qg = R, we have
P=mz—-—ny, Q=nx—-1I1zy R=1 — mx
The auxiliary system is

dx dy dz
=—t—=—— . )

mz —ny Comx—lz ly —mx

We choose / =/, m =m, n =n
So that
[P + mQ + nR
= [ (mz — ny) + m (nx—Iz) +n (ly-mx) = 0
So the function u (x, y, z) assumes the form
du = ldx + mdy + ndz
=d(lx+ my+ nz
ux yz)=kk+my+nz ... 3)
Similarly, if we take I' =x, m'=y, n' =z
So that
I'P+m'Q+n'R
=x(mz—-ny) +tymx—1Iz) +z {0y —-—mx)=0
So the function v(x, y, z) assumes the form
dv = xdx + ydy + zdz

2 2 2
+
:d(u]
2

2 2 2
X +y 4z
VY S T 4)

Hence the general solution of (1) is

F (u, v) = 0, F being arbitrary

where u, v are given by (3) and (4)

Alternative method. To find two integrals

u((x y,z)=aand v (x, y, z) = b we proceed as follow.

The auxiliary system is
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dx dy dz

mz —ny Cmx—lz ly —mx

ldx + mdy + ndz
l(mz —ny)+ m(nx — lz) + n(ly — mx)

Each ratio =

or ldx + mdy + ndz =10
Integration yields Ix + my + nz = a (D)

xdx + ydy + zdz

Further, each ratio =
x(mz —ny)+ y(nx — [z) + z(ly — mx)

or xdx + ydy + zdz=0
Again integration yields x> + 2 + 22 = b 2)
Hence the general solution is

F(x+my +nz,x*+1y>?+2)=0 (3)
where F is arbitrary.
Generalization. The general solution of the equation.

UG = Cpy Uy = Copernne. , u, = c, are any n independent solutions of the

Note : Besides the general integral, special integrals exist, for exceptional
equations.

Example 1. If z is a function of x,, x, and x; which satisfies the partial differential
equation.

Oz Oz Oz
(x, — x3)8_x1+ (x; — xl)a + (x, - x2)8_x3 =0

show that z contains x,, x, and x; only in combinations x, + x, + x; and
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X2y
Solution. The given partial differential equation
(6, = x3) py + (x5 = X)) py + (x,7x) py = 0,
0z 0z 0z

where p=—, p,=—, p;=——
P ox, & 0x, Ps Ox3
The auxiliary equations are

dx 1 dx 2 dx 3 dz

Xy —X3 X3—X X —X, O

These are equivalent to three relations. dz=0 (1)
dx, +dx, +dx; =0 )
x, dx; + x, dx, + x; dx; =0 3)
which show that the integrals are
_ — 2 2 2y =
z=cL, Xt x, txy =0, X0 H X, X)) =0
Hence the general solution is
F(zx, +x, + x5, x%, + x2, + x%) =0
_ 2 2 2
or z=f(x +x,+x;,x5 +x5,+xYy)

where F and f being arbitrary.

EXERCISE
Find the general integrals of the following equations :
xp +yq =z
yzp + zxq = xy

z (xp—yq) =y — ¥
px(x+ty)—qy(x+y)=—0p 2x+2+2)
zp—zqg =2+ (y + x)?

Py tp =l

(3= X)) P+ X, py— Xyp3 =, () + x3) — x22

A
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ANSWERS

XYy
F|7>Z|=0
y z

FGO?-x%,22-x)=0

Fxy x>+y?+2)=0

Flxy, c+y)x+y+2]=0
Fly+xlog (z2+ >+ 2x +x%) —zx] = 0
Flz+x,x tx,x,+x]=0
Fz—-xx,x +x+x,xx)=0
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Unit-111 Lesson No. 10
B.A. 2nd Semester Subject : Mathematics

NON LINEAR PARTIAL DIFFERENTIAL EQUATIONS
OF THE FIRST ORDER

We now turn to more difficult problem of finding the solutions of the partial
differential equation.

Sy zpqg=0 1)
in which the function f'is not necessarily linear in p and g¢.
We saw (in the formulation of partial differential equations) that the partial
differential equations of the two parameter system.
f( vz a b)=0 2)
was of this form. It will now be shown (Charpit’s method) that the converse
is also true i.e., that any partial differential equation of the type (1) has solutions of
the type (2).
Classification of integrals
Before trying to find an integral of a partial differential equation, we
propose the different forms of integrals. For convenience, we shall take only
two independent variables.
(a) The complete integral
Let the relation containing x, y and z be
Sy zab=0 (1
By elimination of arbitrary constants we can find a partial differential
equation.
Sy zp g =0 2)
Obtaining (1) when (2) is given is known as solving (2) [The methods of
doing so will be discussed later].
When the relation (1) has as many arbitrary constants as there are independent
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variables in (2), it is known as the complete integral of (2).

If particular values be given to the arbitrary constants, the complete integral
becomes a particular integral.

(b) Singular integral.
The singular integral can be obtained by eliminating a and b from the relations

OF oF

F(x 2 a b)=0, a 0, B 0. This integral does not contain any arbitrary constant,

neither can it be obtained from the complete integral by giving particular values to the
constants. This solution represents the envelope of the surface represented by (1).

(c) The General integral
If a and b are functionally related i.e., b = ¢ (a). Then (1) becomes.

Flx, vz ad(@]=0
Eliminating a between this equation and a 0, we get the general integral.

It does not contain any arbitrary consant, but it is different from the singular integral,
neither can it be obtained from the complete integral by giving different values to
the constants.

Charpit’s method.
Let the partial differential equation be

Sy zpqg=0 (1)

The fundamental idea in Charpit’ method is the introduction of a second partial
differential equation of the first order.

gy zp ga=0 )
which contains an arbitrary constant ¢ and which is such that
(a) Equations (1) and (2) can be solved to give
P=p&yza4 q=q(x)Yza
(b) The equation
dz=p X, v,z a)dc+q (x, ),z a)dy 3)
is integrable. When such a function g has been found, the solution of equation (3)
Fx vz a b)=0 4)
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containing two arbitrary constants a, b will be a solution of equation (1)
The main problem is the determination of the second equation (2).
Determination of g (x, y, z, p, q, a)

Differentiate (1) and (2) w.r.t. x and y separately, we have

g+@p+ga_p+ga_q:0

ox oz dpOx  Oq Ox (3)
ox oz op Ox 0q Ox
g+gq+ga_p+g@:0 (7)
oy 0Oz Oopoy  Oq Oy
oy 0z dpOy  Oq Oy
Multipl b % 6)b v d sub i limi P
ultiply (5) by op’ (6) by op and subtracting to eliminate o we get
Ao Sog|, (% kY (IR RY|H
axop opox) P \ezop ezof)\oxop ogaplox 0 O
d multiplyi 7bag8bafdb i limi o
t Py P tract t te
and multiplying (7) by 6q’( ) by oq and subtracting to eliminate oy
we get
of og _0gof of 6g _0gof o og _0gof \of
————— L 2 Eouriirel I B onsel Iatl GBI 0 11)
0y 0g 0q Oq 0z 0qg 0z Oq dp 0q Oy Oq ) Oy
Now in the functions we shall come across
% _0oz _o
Ox Oxdy Oy

and so adding (9) and (10) and rearranging, we have
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dp ) dx oq ) dy op 0Oq)oz

o, F\% (o 9 |%_
+(8x+pdzj8p+(dy+qﬁzj6q 0 (11)

which may be regarded as a linear partial differential of the first order to

determine g.
The corresponding auxiliary system is

& dy dz
g o oo
op oq op qaq
dp dq dg

T, T T, T 0
dx oz Oy Oz

(12)

Note : It is evident that these equations can hold only if dg = 0 i.e, g = a
an arbitrary constant. If any integral of equations (12) can be found involving p or
g or both, the integral may be taken as the additional partial differential equation (2)
which is conjuction with (1) will give values of p and ¢ to make (3) integrals. This
will give a complete integral (4) of (1), from which general and singular integrals

can be deduced in the usual way.

The auxiliary (or subsidiary) equations are often called Charpit’s equations.

Special type of first order equations.
Type 1. Equations involving only p and ¢
For equations of the type f (p, g) = 0, we have

¥ 0¥ 0
ox oy 0z

Charpit’s equations reduce to
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dx dy dz

v ¥
op oq pap oq

dp _dq
0 0
An obvious solution of these equations is
p=a
the corresponding value of ¢ Dbeing obtained from
f (v q) =0)=0) in the form f (a, ¢) = 0 so that ¢ = Q (a), a constant.
The solution of the equation f'(p, ¢) = 0 is
z=ax +Q @y +b
where b is an arbitrary constant.
Note : We have chosen the equation dp = 0 to provide our second solution.
In some problems the amount of computation involved is considerably reduced if
we take instead dg = 0, leading to ¢ = a.
Example 1. Find a complete integral of the equation

pT4q=pq
Solution. The given equation is of the type
fg=0 L (1)

where f(p, ) =p + q —pq
Charpit’s equations give

p=a . (2)
Solving (1) and (2) we obtain

a+b=aq
e 3)

Substituting the values of p and ¢ in
dz =pdx +qgqdy 4)
so that (4) is integrable. We get
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z = ax a—ly

where a and b are arbitrary constants.
Type. 2. Equations not involving the independent variables.
If the partial differential equation is of the form

fezpg=0 L (1)
of @
we have o =0, o =0

Charpit’s equations reduce to

dx  dy dz

o -of o o

o o o log

_ dp _ dq
v )
pdz qdz

the last two of which leads to the relation.

p=aq 3)
Solving (1) and (3) we obtain expressions for p and g from which a complete
integral follows immediately.

Example 2. Find complete integral of the equation.
z=p -

Solution. The given equation is of the type
fzpg=0 . (1)
where f (z, p, ¢) =z p* + ¢’

Charpit’s equations give
p=aq e 2)

Solving (1) and (2) we have

2= a2 — ¢
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1

or qg=+ (azz_Jz ............. 3)

Substitute the values of p and ¢ in

dz = pdx + gdy
we have
dz = (adx + dy) q (~ p = aq)

11
or +(@-1)2z 2 d=dax+y)

11
or [J_r2(a2—1)222} =d (ax +y)

Integrating we obtain
11

+2@12z2=ax+y+b
or 4 (@ —-1)z=(ax +y + by
which is the complete integral.
Type 3. Separable equations.

We say that a first order partial differential equation is separable if it can be
written in the form

fxp=g06.q9 (1)

Charpit’s equations reduce to

dx dy
E:§ Fx yzp q =fx p-gyr 9
odp Oq
__ d _dp OF _0of OF_ 0Gg
LT, W w0
dp ~O0q Ox
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d OF _, OF _of oF _ g

P oz op o o
oy
From the equation _d—;f :g—? we obtain
op Ox

gdx+@dp =0
ox op

or d[f(x,p)]=0
Integration yields

fep=a .

Hence we determine p, g from the relations
fp =agpq=a

and then proceed as in the general theory.

Example 3. Find complete integral of the equation
PP = X2t (22

Solution. The given partial differential equation is

PP+ 2 = 2 (2 + 1)

14
or x—2q2+y2=q2(x2+y2)
2 2
or p—2+y—2=x2+y2
X q
2 2
or p—z—)c2=yz—y—2
X q

This is the form f (x, p) = g (v, q), where
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2 2

Y
fep =L and g g) = P
X

Here Charpit’s equation yield

2 2
p_z_xz ) yz_y_z )
X q

! y
or p=x (x*+a?)2 or qg= ;
(1 -a’)?

When we substitute the values of p and ¢ in dz = pdx + qdy
we obtain

1 1
dz = x (¥*+a*)?2 dx +y (P—d?)2 dy
Integration yields

3

(x2 +a’ )2
3
2

z =

1
2

1 3 1
or z=7 (*+a*)2+(p*-a*>)2 + b
which is the complete integral.
Type 4. Clairaut’s equations.
A first-order partial different equation is said to be of Clairaut’s form if it can be written

as

z=pz+tqy+fpqg 0 (1)
Charpit’s equations reduce to
dx  dy dz
0 9 0 0
—l_x —l—y _Pl—ql—l’x_qy
op oq dp ~oq
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dp _ dp
- p-p q4—¢

From the last two equations we obtain
p=agq=>b

If we put these values in (1), we get the complete integral
z=ax+by+f(ab (2)

Example 4. Find a complete integral of the equation

+q (z-—px-—q)=1
Solution. We write the given equation in the form

1
Z=—px—qy =
pPtq
or z=px +tgqy+ [Clairaut’s form]
pPtq

The complete integral is

=ax + by +
ETATOYT b

where a, b are arbitrary constants.
Example 5. Find the complete integral of the equation.
pgz = p* (op +p*) + ¢* (py + ¢%)
Solution. We write the given equation in the form
pqz = pPqx + ¢’py + p* + ¢*
4, 4
+q
pq

or z=px +gqy+ [Clairaut’s form]

The complete integral is

at +p*
ab

where a, b are arbitrary constants.

z=ax + by +
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Example 6. Solve z? (p> + ¢°) = x> + )
Solution. The given partial differential equation is
2P+ =x>+y> (1)
Note : This is not of the standard form but can be transformed into one.

We can write has above equation as

ax ay =X y ............. ()

2
Let us put 2 dz = dZ, then Z = %

0Z 0Z oz Oz
=< L. ~%4 =P, say

Now o = or ox

oz _oz0z_ e _

oy oz oy oy QS
The equation (2) now becomes

P2+ Q2 =2 +)2

with Z as the dependent variable
Note : This equation is of Type 3 viz

P2y2 = 2 - Q2

Charbit’s equations give

P22 = 42 PoQl=g?

1 1

then P = (x*+a?)2 and Q = (*—d?)2
d7 = Pdx + Qdy

1 1
given dZ = (x*+a*)2 dx + (’—a*)2 dy
the integral of which is

2 2

Z= g (xz_,_az)% + a? log (x+\/x2 +a’ )+§ (yz_az);_% log (y+\/y2 +a2)+b
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1 1
or z2= x(x*+a?)2+y(y*—a®)2 +a* log

x+Vx+d®
v+ /yz_az +b

which is the complete integral of the given equation.
EXERCISES
Find complete integrals of the equations.

1.

NS kWD

pq =1

Pt = 1

Py (Itx%) = gx?
z* = pq xy
pPx+qy =z
P*+q?) y = qz

2 (z+px + qp) = yp?

ANSWERS

z=ax+ 2 +b
a

1
1 —
ax (1+a*z)2—log [az+(l+azz2)2}
=2a (ax +y + b)
2

z = a1+ x? +a—y2 +b

2

1
b x*ya

z

[(+a)]? = (@)? + y2b

az? = (x + b)> +)?
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Unit-111 Lesson No. 11
B.A. 2nd Semester Subject : Mathematics

PARTIAL DIFFERENTIAL EQUATIONS OF SECOND & THIRD
ORDERS WITH CONSTANT COEFFICIENTS

(Homogeneous and Non-homogeneous equations)

A partial differential equation which contains derivatives of any order but
none of the derivatives appears in degree higher than unity is called a linear partial
differential equation.

If the coefficients of various terms are constants then it is called the linear
partial differential equation with constant coefficients.

Homogeneous linear partial differential equation with constant coefficients.

If the derivatives in a linear partial differential equation are of the same order,
then the linear partial differential equation is said to be homogeneous otherwise
non-homogeneous. For example,

£z L% +C822 _

ox? Ox0y 8y2

2x+3y (1)

in which A, B, C are constants, is a homogeneous linear partial differential
equation with constant coefficients, of order two, while.

2 2 2
PRI NS LA PR VLN N

ox? 8y2 8y2 Ox oy

is a non-homogeneous linear partial differential equation with constant coefficient,

176



the order still being two.
Homogeneous equation with constant coefficients Method of solution.

The equation is of the form

0 0
F(D, D)z = fix, ), D=7, D=7,

where F is a homogeneous function of the derivatives and the coefficients
of all the derivatives are constants.

As in ordinary differential equations, the solution is composed of two distinct
steps.

(1)  First find the solution of
F(D,D)z=10
This is known as the complementary function.

(i) Next find the particular integral (P.I.) from

1
~ F(D,D")

S(xp)

z

The general solution is the sum of these two results.
Note : If f{x, y)=0, then the first result is the general solution.
To find the Complementary Function

The General solution of

Ap + Bg =0, p=

B
2= g0 = Pt )

where ¢ is an arbitrary function. See how.
The given partial differential equation is
Ap + Bg = 0, which is of Lagrange’s form.

The auxiliary system is
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=5 =

b _dy_d
A 0

B
First two relations give dy — de =0

B __
o y-x=a
Last relation gives dz = 0 orz =5

Hence general solution is
d(a b)=0 ordb=4¢(a)

B
which gives z = ¢(y - Xx ]

or z=¢ (y + mx), say (771:—%)

where ¢ is an arbitrary function.

Let us now suppose that

z = ¢ (ytmx) = d(u), ¢ being arbitrary is a solution of the equation.
0%z 0%z 0%z

+C =0
x> Ox Qy 6y2

0z 0Oz Ou _ @

Now —=——

=m
Ox Ou Ox ou

o=z ou_dh

a Oudy Ou
Therefore substituting in the equation, we have

2
(@) (Am*+ Bm + C) =0
ou
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Since ¢ is arbitrary, ?;to identically, and hence
u

Am?>+Bm +C =0 (*)
. S . . 0Oz oz
Note : that the auxiliary equation is simply obtained by putting — =m, . =1
X y
inF (D,D)=0

Suppose (*) has two real and unequal roots m, and m,, then
z = ¢,(ytmx) and z = ¢,(y + m,x)

are two distinct solutions of the equation and hence

z=¢, vy + mx) + ¢, (y + m,x) is also a solution.

Since this contains two arbitrary functions hence it is the general solution,
which in this case is identical with the complementary function.

Example 1. Solve
(D>-DD'-2?D") z = 0

Solution : Let z = (y + mx) be a solution of the given equation where m is
given by the auxiliary equation
m?>-m-2 = 0 which give m = 2, —1

Hence the general solution is

2= 0,0+ 20) + 4, (v~ )

where ¢, and ¢, being arbitrary.

Example 2. Solve (D? - 7DD* + 6°D") z = 0

Let z = (y + mx) be a solution of the given equation where m is given by the
auxiliary equation.

m —Tm+6=0

Solving we obtain m = 1, 2, -3

" the general solution is

z=¢,(v +x)+ d,(v + 2x) + ¢;(y — 3x)
where ¢,, ¢, and ¢, being arbitrary.
Example 3. Solve (D?+ a’D?) z = 0

Solution : The given partial differential equation is
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D*+a> D) z=0

Let z = ¢ (y + mx) be a solution of the given equation where m is given by

the auxiliary equation.

m*+a*>=0, or m=ia,—ia
.. the general solution is

z=¢, (v +iax) + ¢, (v — iax)
where ¢, and ¢, being arbitrary

If, however, some of the roots of the auxiliary equation be equal, say m, =

then the general solution of (D-mD')?>z = 0 is

Z=x¢1 (y+mx)+¢2(y+mx)
where ¢, and ¢, being arbitrary. See how

We have
(D-mD'") (D-mD'") z = 0 (1)
Putting (D-mD")z = u 2)

then equation (1) becomes
D-mD)Yu=0

and its solution is u = ¢, (v + mx)

Putting the value of u in (2) we have
(D —mD") z = ¢,(y + mx)

which is of the form Pp + Qg = R

The auxiliary equations are
o _dv__d
I -m  ¢(y+mx)
The first two relations give dytmdx=0 or y+tmx=a
X dz
1 1 (v+mx)
we have dz= ¢, (a) dx (v y+ mx=a)
or z=x¢(a)+b or z-x¢,( + mx)=b

the general solution of (1) is

Again from the relations
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2 x 0, ¢+ mx) = 4, (v = m)

or z=x¢, (y+mx)+ ¢, (y+ mx)

where ¢, and ¢, being arbitrary.

Example 4. Solve (D? - 3DD* + 2D3") z =0

Solution. The given partial differential equation is
(D3 - 3DD* +2D*) z =0

Let z = ¢(y + mx) be the solution of the above equation then m is given by

the auxiliary equation.

m*—3m+2=0
Solving we obtain m =1, 1, -2
.. the general solution is
2=+ 0,0+ )+ by (v - 2x)
where ¢,, ¢, and ¢, are arbitrary.
EXERCISE

Solve the following partial differential equations.

l.
2.

o

© N w

(D*>-3a DD'+24’> D*) z = 0
(2D?D'-3DD+D®) z = 0
(2D*+5DD'+2D?) z = 0
(D3-6DD'+11DD?-6D%) z = 0
(25D>-40DD'+16D?) z = 0
(D*-4DD"4D?) z = 0
(D’>-2D?D'+DD?) z = 0
(D3-3D?D+3DD"2-D%) z = 0
ANSWERS

2= 0,0 +ax) T o,(y + 2ax)

z= (1)1()/) + d)z(x +y) + ¢3(x +2y)
2= 42— )+ byl — 29
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he

2= 0,0+ 3) + Gy + 20) + Gy + 3x)
z=¢,(5y + 4x) + x ¢,(5Sy + 4x)

2= §,(7+2x) + x gy + 2%)

2= 0,0) + 0,0+ 2) + x 440 + 1)
2= ) xdy (7 0) 20+ )

To find the particular integral

N W

Since the partial differential equation is

FD,D)z=f(x,»)
Therefore

z= W f (x, v) which gives the particular integral.

1
Note 1. F(D, D" m e,y =)

Note 2. The symbolic function F(D, D') can be treated as an algebraic function
of D and D' and can be factorized or expanded in ascending powers of D or D'

1 1
D Mmeans integration w.r.t. x, D > means integration w.r.t. y, and so on and P.L
would be different if F(D, D') is expanded in ascending powers of D or D'.
Example 1. Find particular integral of
(D*+3DD+2D%?) z = x + y

1
Solution. P.I.= (xty)

(D? +3DD'+2D"?)

1
Z 7 (D+2D)D+D)

or (x+)
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Let

“"= prpy© Y

1
= ——U
Z = (D+2D) |
From (i) we have
(D+DYyu=x+y
The auxiliary equations are
d_x _ Q _ dul
1 I x+y

The first two relations give dy—dx=0 or y—x=c,

. . dx _ dul
Again from the relations I o +2x
We have u;=cx + x?

= (y—x) x + x?

With this value of u,, we have from (i7)

1

= ———X
= D20y

or (D+2D")z = xy

The auxiliary equations are
& _dy_dz
I 2 xy
The first two relations give
dy-2dx =0 or y2x = ¢,

Again from the relations

d_x B dz
1 x(c+2x)
We have
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2 3
z :Clx?+2x?

2 x3

X
=(1—-2x)—+—
O X)2 3

1 3 13
=—X"y——X
23

) 1 3
=—Xx"y——x
Hence P.I. > y 3

1. Let f{x, y) be a polynomial in x and y, then fix, y)=XA x"y*, where r, s are
positive integers (or zero), and A  are constants.

In such a case we can use the method discussed above.
Another method will be to write.
F(D, D)=(D? + 3DD' + 22D')

' ' 2
=L2 1+32+2(2J
D D D

1 1
D? +3DD'+2D" (0= D' (D'V
(D7 +3DD™2D™) D2[1+3+2()

2—1
_ L 1+32+2(2j (x+y)
D? D D

1 D'
:¥{1—33}(x +y)

then
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L _3 D _
—Dz{(ﬁy) D(l)} (- D'x+y)=1)

ZL

x+y—3x
lrey-3]

1
=—F-2x+y
2[ ]

1 2
=—(—x"+x
D( )

3. Let fix, y) be of the form e @ * &
_ b ey 1 artby
F(D,D") F(a,b)
provided F(a, b) # 0
Example 2. Find particular integral of
(D>-DD'-2D?)z = e3>ty
Solution. We have P.I. for the first term

1
63x+4y

Pl = :
D? _DD'-22D'

_ 1 3x+4y
) 2 ¢
3-34-24

1
L Ax+dy
35

For the second term e *7
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. 1 82x+y
- (D-2D"(D+D"

B 1 1 62x+y
~(D-2D"|2+1

P.L (-+ F(a, b)=0)

l 1 e2x+y
3D-2D'

1
_ L e2xty

1
er-l—y

Let u, =m

or  (D-2D")u=e* "V
The auxiliary equations are

ﬂ _Q _ du1
1 -2 2x+y

From the first of these two relations

[ =, We have y+2x=c
dx dul

Again from the relations 1 ~7¢ (o yt2x=c)
e 1

We have ulzxecl = xertx
sin
3. Let fix, y) be of the form cos(ax +by)

1 sin
(

F(D?,DD’, D?)cos ax+by)
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= ! - (ax+by)
F(-a?,—ab,—b*) c0S
provided F(—a?, —ab, —b*)#0
Example 3. Find particular integral of
(D>-DD'-2D?)z = sin (3x+2y)
Solution. We have

1 sin

PIL= :
D?,DD, 2D" cos

(3x + 2y)

_ ! sin(3x +2y)

T 32 (=32)-2(-2%)

1
=—sin(3x+2
o165 ¥ty

= é sin(3x +2y)

Example 4. Find particular integral of
(D? - 7DD?D' - 6°D")z = cos (x — )
Solution. We have

1

Pl=
(D’ -7D’D'-6°D")

cos (x—y) [ D*cos(x—y)=—cos(x—)]

- . ! —cosx-y)  DD' cos(x—y)=cos(x—)
(D+D'(D? - DD'~62D")

1
T (D+D')(-1-1+6)

cos(x —y) D'2cos(x—y)=—cos(x—)

=ZD+D'COS (x=») (*)

Now let
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U= D+D) cos (x—y)

(D+D") u,=cos (x-y) which is in Lagrange’s form.

The auxiliary equations are
e _dy _ dw
1 I cos(x—y)
From the first two relations
& _dy
1 1
we obtain x—y=c

Further from the relations.

dx  duj

1 cosc

we obtain u, = x cos ¢
=Xx cos (x—)
With this value of u,, we have from (*)
P.I Z%x cos (x — y)

A general method of finding the P.1.
Consider the equation.

(D-mD") z = fix, y)
This can be written as

p—mq = fix, )
The auxiliary equations are

dx _dy  dz

L —m f(xy)

The first two relations give

y+tmx =c
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dx dz
Further taking 1 m ["y=c—mx]

we get z = J.f(xlc — mx)dx

1
Thus z =mf (x.)

= J.f(x,c —mx)dx
where the constant ¢ is to be replaced by y+ in x after integration, as the particular
integral is not to contain an arbitrary constant.
Now if the equation is F(D.D.") z = flx, )
where F(D, D) = (D-m,D")(D-m,D")

: L ry)

then P.I = —. p
(D-mD") (D-myD")

This can now be evaluated by the repeated application of the above method.
Example 5 : Solve the partial differential equation

6%z o’z o’z .
—2— =(2x>txy—2)sin xy—cos xy
Gy

ox? 0zOY

Solution : The given equation can be written as
(D>-DD'-2?D")Z
=(2x*+xy—y?)sin xy—cos xy
For C.F.
The auxiliary equation is
m*~m—2=0
or (m-2)(m+1)=0
m=2, —1
CF. = ¢,(+2x)+0,(v—x)

where ¢, and ¢, being arbitrary.
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For P.I.

1
= 2 12 1 -
P.L (D—2D')(D+D") (2x“+xy—y*) sin xy—cos xy

1
~(D-2D")

J-f(x,c+x)dx

1
~(D-2D")

I[{sz +x(c+x) —(c+x)2}
sinx(c+x)—cosx(c+ x)] dx

o
~(D-2D")

J.[(2x2 —cx— 02 )sin(cx + x2)

—cos(cx + xz)} dx

_ 1
(D-2D")

U (x—c)(2x+c) sin(cx+x2 )dx

—| cos(ex + x2 )dx
I ]

(D-2D")

2
! H(x —c)%;x)+jcos(cx +x2 )dx}

—j cos(cx + x2 )dx}
integrating the first integral by parts

(c—x)cos(cx + x2)

~(D-2D")

1
~(D-2D"

(y—2x)cosxy (-+ y—x=c)
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=[x, c-2x)dx (r m=2)
= [ (c—4x) cos x(c—2x) dx
= sin x(c—2x)
= sin xy (-0 c2x=y)
The complete solution is
z= ¢,y + 2x)+,(y — x) + sin xy
Example 6. Solve the partial differential equation.
(D>-D'?)z = tan’x tan y — tan x tan’y
Solution. The given equation is
(D>-D?)z = tan’x tan y — tan x tan’y

For C.F.
The auxiliary equation is
m>~1 =0

or m=1, —1

CF. = ¢,(tx)t¢,(v—x)
where ¢, and ¢, are arbitrary.
For P.I.

1
P.I (D-D)(D+D) (tan°x tan y—tan x tan’y)

1
~(D-D")D+D'

(tanx tan y—tan x tany)

1
~(D-D)

.[f(x, ¢ —mx)dx

1
:(D—D') jf(x,c+x)dx (. m=-1)

= D-D) I[tan3 X tan(c+x)—tanx fan’ (c+ x)} dx
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J-tanx tan (c+x)[tan X —tan (c+x)]dx

(D—
2 2
= O_D) j tanx tan (c+x)[sec” x —sec”(c +x)]dx
(D U tanx tan(c+x)sec 2 b — I tanx tan(c+x)sec (c+x)dx}
= D_D) tan(c + x) tan? x j tan? x sec (c + x)dx
—tanx % tan’ (ctx)+ I%tanz (c+x) sec? xdx
1 1 2 2
== —[tan® x tan(c+x) — tan.x tan” (¢ + x)
2 (D-D"
+ j {sec2 (c+x)— sec? x}dx]
=% D_D') [tan2 x tan(c+x) —tanx tan> (c+x)+tan(c+ x) —tanx]
1 1 2 2
) D_D) [tan® x tan y —tan x tan” y + tan y — tan x|
—l (tan sec? x — tan x sec? )
“2m-p) Y (rc+x=y)

=%If(x,c —X)dx
=%I [tan(c — x) sec? x — tan x sec> (c—x)] dx
:%[tan(c—x)tanx+.[tanxsec2(c—x)dx—jtanxsecz(c—x)dx}

= % tan(c — x)tanx
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1
:Etanytanx ((cc-x=Yy)

the complete solution is

1
z = ¢,(rtx) + o,(y—x) + Etan x tan y

where ¢, and ¢, are arbitrary.

EXERCISE

Solve the following partial differential equations :

1.

—

N —

(8]

10.

SPOXAN WD

(D + D"z = sin x

(D2— 2DD' + D?) z = ¢ * ¥

(2D? — 5DD' + 2D?) z = 24 (y — x)

(D2~ 5DD' + 4D?) z = sin (2x + 3y)

(D2~ 2DD' + 4D?) z = sin (4x + )

(D2-6DD'+9D?)z = 6x + 2y

(D>-2DD'+ D*)z =2 cos y — x sin y

(D? -~ DD? — DD? — D%) z = e¥cos 2x

(D~ 2DD? — DD? — 23D') z = (y + 2) &

(D? — 3DD? — 4DD? + 12D¥) z = sin (2x+)
ANSWERS

z=1¢ (y—x) —cos x

z=0(+ )+ x (X)) eV

4
z=0,(y +2x) + ¢,(2y + x) + ;()/—x)3
z=¢,(y +x) +x ¢,(y + x) —sin 2x + 3y)

z=¢,(y t x) + O(v + 4x) —%x cos (4x + y)
z=¢,(v + 3x) + x o,(v + 3x) + ¥’(3x + )
z=¢,(0 —x) +x ¢(y —x) + x siny
1Y 2
= o,y +X) + 0,y — X) T x ¢y — X) %, Cos2x—2—5e sin2x

z= 0,0+ %) + (v — %) + ;v — 2x) + ye

z=0,(0 — 2x) + §,(v + 2x) + ¢y(v + 3x) +%x sin (2x + )



Unit-111 Lesson No. 12
B.A. 2nd Semester Subject : Mathematics

NON HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL
EQUATIONS

A linear partial differential equation which is not homogeneous is called
a non-homogeneous linear equation. Consider the partial differential equation.

F(D,D)z=f(x,»)
where F (D, D') is now not necessarily homogeneous. While F (D, D")
when it is homogeneous, is always resolvable into linear factors, the same is not
always true when F(D, D') is non-homogeneous. Therefore, we classify linear
differential operators F(D, D') into two main types, which we shall treat separately.
These are :

(1) F (D, D')is reducible if it can be expressed as product of linear factors
of the form aD + bD' + ¢ where a, b, ¢ are constants.

(i) F(D, D') is irreducible i.e., when F(D, D'") is not reducible for example
D2-D'.
Complementary functions corresponding to linear factors.
We shall first consider the case when aD+bD'+c be a factor of F(D, D).
To find C.F. corresponding to this factor, consider the most simple non-homogeneous
equation. (aD+bD'+c)z=0
This can be written as ap + bg + cz = 0
The auxiliary system is
dc _dy dz
a b -z
and from the first two relations, we have on integration
ay—bx=A e (0)
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dx dz

If a#0 then from —=—
a —cz

We have on integration

log z = Sx+ log B
a

c ..
or z= Be—;x 7))

and the general solution may be expressed as

c
——X

z= ¢ @ ¢(ay—bx)

dy dz
Further, if b # 0, then from — =——
b —cz

C
we have on integration z = C e—gy

and the general solution may be expressed as

_Ey
z=e b W(ay—bx)

Note : If the linear factor is D-mD'y, then the corresponding C.F. is €™ ¢(y
+ mx)

We now come to the various cases that arise :

i) F (D, D)=(a,D+b D'+c|)(a,D+b,D'+c,)

i.e., when the factors are distinct, then C.F. or
F(D, D) z=0is

a o

z=e % d1(ay—bix)+e € $r(ary —byx)
where ¢, and ¢, are arbitrary.
(i1)) F(D, D') has repeated roots.
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Let a factor aD + bD' + ¢ occur twice in F(D, D")

Consider (aD + bD' + ¢)?z = 0
Take (aD + bD' + ¢) z =0

(1) becomes

(aD +bD'"+c)u=0

C
—X
This gives u =e ¢ ¢(ay—bx)
With this value of u, we have from (2)

c
—X

(a@aD +bD'"+¢)z=e @ Pp(ay—bx)
This equation can be written in the form

c
——X

ap + bqg = —cz +te @ ¢(ay—bx)
which is of the form Pp + Qg = R.

The auxiliary equations are

dx dy dz

C
a b s

—cz+e 4 ¢(ay—bx)

The first two relations give ay — bx = A

Again the relations

dx _ dz
a s
—cz+e @ ¢(A)
give
C
dz c

| =
—+—z=—e 9x.0(A
7= O(A)

which is a linear differential equation.
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Its solution is

Cc

‘y .
zed =B+—0(A)
a

c

or z=e @ [§(ay — bx) + xd,(ay — bx)] o (6)
where B = ¢,(A) = ¢,(ay — bx)
d(A)

P ¢,(A) = ¢,(ay — bx)

Hence the general solution is given by (6)

Example 1. Solve the partial differential equation.
D+D -1)D+2D'-2)z=0

Solution. The given partial differential equation is
MD+D -1)D+2D'-2)z=0

There being linear distinct factors.
CF.=¢" ¢,(y —x) + e ¢,(y — 2x)
where ¢, and ¢, are arbitrary.

Example 2. Solve the partial differential equation.
(D-2D'"+5)2z=0

Solution. The given partial differential equation is
(D-2D'"+5)2%z=0

There are repeated linear factors.
CF.=e™ [¢,(v + 2x) + x d,(v + 2%)]
where ¢, and ¢, are arbitrary.

The particular integral

The methods are similar to those for homogeneous equations. A few examples
are solved below to illustrate the method.

Example 1. Solve the differential equation.
(D? - DD' — 2D? + 2D + 2D") z
= e T4 + sin (2x + 3y) + xy

197



Solution. For C.F.
(D>~ DD' - 2D? + 2D +2D") z = 0

or [D+D)YD-2D)+2(D+D")]z=0

or (D+DYD-2D"+2)z=0

~ CF.=¢,(y —x) + e d,(y + 2x)
where ¢, and ¢, are arbitrary.

The portion of the P.1. for &> * 4

_ 1 , e3x+4y
(D*-DD'-2D*+2D+2D’)

5 12 e3x+4y
3°-34-24"+23+24

1
=——e&™™ for sin (2x + 3y)
21
1

= ; sin (2x + 3y)
(D°~DD'-2°D'+2D+2D)

1

- R
(—z%) = (-2.3)=2(=3)* +2D+2D' sin (2x + 3y)

1
Ll Gnox+3
2DrD+10 S

D+D'-10

1
— sin (2x + 3
2 (D+D')* -100 ( Y

l D+D'-10
2 D*+2DD'+D*-100

sin (2x + 3y)
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_ 12cos(2x +3y) +3cos(2x +3y) —10sin(2x + 3y)
2 (—2%2)+2(=243)+(=3%)-100

1
=% [Scos (2x+3y)—10 sin (2x+3y)]

1
T [cos (2x+3y)-2 sin (2x+3y)]

for xy,
1

:(D+D’)(D—2D’+2)xy

! [H(D—zD')]1
2D+D 2 Y

2
e ]
2(D+D) 2 21 2

1 1 1 ’ ’ 2 2/
———— | 1-=D+D'=DD' |xy (*-D*(xy)=0*D'(xy)=0
2(D+D,)[ 2 }y( (xy) (xy) )

11 [x—l +x—l}
2o+py Y 27

- -1

1
=——14+— xy——y+x-1
bl D (y 27 j

11|, D] 1
=——|1-— xy—5y+x—1

1if 1 +x_1_1(x_1ﬂ
_2D_xy 2y D 2
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x
=— [6xy—6y+9x—2x>—12]

Hence the general solution is

z= (I)l (y_X) + 672x¢2 (y-‘r 2x)_ % e3xtay
X
_% [cos (2x+3y)-2 sin (2x43y)] +5 - [6xy-4p+6x-2-12]

Example 2. Solve the differential equation.
(D> -~ DD’ — 2D!2+ 6D-9D' + 5) z = " TV + (x> + 2y) & TV
Solution. For C. F. we have
(D>~ DD'-2D*+6D-9D'+5)z=0 (1)
Note : We write D> -~ DD’ — 2D?' + 6D — 9D’ + 5 =0
in the form D?> — (D' — 6) + (-2D?*' — 9D’ + 5) = 0
which is quadratic in D.

Solving, we have

(D'—6)%+(D'~6)° +8D? +36 D'~ 20
2

D:
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_ (D'-6)+,9D'+24D'+16
2

_ (D'-6)£(3D'+4)
2

4D'-2 -2D'-10

2 2

=2D'-1,-D'"-5
. the expression D> — DD' — 2D?' + 6D — 9D’ + 5 is equivalent to the
product of the factors (D — 2D’ + 1) and D + D' + 5.
With this we can write (1) as
MD-2D"+1)(D+D'"+5)z=0
whose solution is
z=et o (vt 2x)te o, (-
where ¢, and ¢, are arbitrary.
The portion of P. 1.

1
f €x+y= ex+y
o (D-2D'+1)(D+D'+5)

1
~ (D-2D'+D)(D+D'+5

exty
)

1 1
S DR R
(D-20+1) 7 ¢

1
e — +y .
7 (D-2D'+1) e*™  (case of failure)

1 1
— +y
7€ DrD-—2D+ 1) +1
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e 1 eaerby V — ealirby ;
F(D,D") F(D+a,D+b)

:lex+y 1 1
7% (D-2D)
:lex+y _ 1 D’_l
7 pl1-22
L D |
_ o1
:lexﬂ/l 1=2=—

7 DL D |
=lex+yl 1422 1
7 DL D |
gl
7 D

_ Xty
7

for (x? + 2y) e>"

1
- (D-2D'+1)(D+D'+5

) (x?+2y) ¥

1 1
2x+y 5
(D+2) 2D +D+1 (D+2)2D+D+5 &)

=e

1 1

— er+y
(D-2D'+1)) (D+D'+8)

(x*+2y)

-1
1 D+D’
¢ (D—2D’+l)[ 8 (x*+2y)
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Loz 1 [1 Ip Ip, ! DZT( 242y)
== ——D——-D'+— X
8 D-20+D. 8 8 o4 Y

1 1 5 1 1 1}
= —2t ————— X +2y——x——+—
8¢ (D—2D’+1){ 4

1 1 ) 1 7}

= —X ———— | X" ——x+2y——
8 (D—2D’+1)[ Y

= éebﬁy [1+(D—2D')]_1 (xz—ix—i-Zy—lj

— %ezm [1—(D—2D’)+D2](x2—%x+2 ——j

= %e2x+y [1+2D'—D+D2](x2 —ix+2y——)

1
- — er+y +—

= 556 ¢ [324% — T2x+64y = 193]

Hence the general solution is
1
z=e ¢, (y+2x)HeXd, (y—x) + 2 xe* Y
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1
4+ —— p2xty 2 _ + +
256 ¢ (32x* — 72x + 64y + 193)

where ¢, and ¢, are arbitrary.

Irreducible equations. Complementary Function.

Let us consider the equation with constant coefficients.
F(MD,D)z=0 (1)

Since D" D's (c e®™) = ¢ a" b* ™ty

where a, b, c are constants, the result of subtituting z = ¢ e in the given
equation is cF (a, b) e = 0

Thus z = ¢ e®*? is a solution of the equation (1) provided F (a, b) = 0,
with arbitrary.

Now for any value of a (or b), one or more values of b (or a) are obtained
from the relation F (a, b) = 0. Thus, there exist infinitely many pairs of numbers
(a,, b,) satisfying the relation, and so

a0
a,.x+b,y
z=Zlcre F(a,b)=0
r:

is a solution of the given equation i.e, the complementary function of the
equation.

FMD,D)z =1y
Example 1. Solve the differential equation.
(D>?+D+D)z=0
Solution. We have
F (D, D)=D?*+D + D’
F (a, b) =0 givesa®> +a + b =10
so that for any a = a, b, =—(a, + 1) a,

Thus the solution is

> 1
.= Zcr ea,x—ar(ar-i— W

r=1

r=1
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with ¢, and a, arbitrary constants.
Example 2. Solve the differential equation.
(D+2D)(D-2D'"+1)(D-D?)z=0

Solution : Corresponding to the linear factors, we have ¢, (y — 2x) and e*

o, (v + 2x) respectively. For the irreducible factor D — D*' we have a — b* =
0ie a=b%

Hence the solution is

b2x+b,y

=0, (- 20) e b, (v + 2 + ;,cre’

with ¢, and b, arbitrary constants.

EXERCISE

Solve the following partial differential equations.

1.

D S S B e

(2D + 3D’ -5) (D +2D") (D-2) (D+2)z =0

@D +D'+5)(D-2D"+ 12 z=0

D2D-D'+1)(D+2D'-1)z=0

(2DD' + 2D? — 3D") z = 3 cos (3x — 2y)

DD+ D'-1) (D +3D"—2) z = x> — 4xy + 2)?

(D?> - D* - 3D + 3D") z = xy+ &%

(D2-D*”+D+3D'-2)z=e7V-x*y

(D2+DD'-D?+ D -D") z = &%

(D? + 2DD?-2D’ + 3) z = &% cos (x+2y)
ANSWERS

S5x

.z = e7 ¢1 (2)/—3)6)"'4)2 (V_zx)+ezx¢3(y)+eizy¢4(x)
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N
Il

e V) (2y=x) + e[, (v + 2x) + x §3(y + 2x)]

325,00+ ¢ 0,y + ) + € gy (-20)

Cz=¢, (%) T e¥ ¢, 2yx) + 5% [4 cos (3x—2y)

+ 3 sin (3x-2y)
cz= 0 (V) + e gy (x) +e¥ dy (v - 3x)

1
+ I (2x3-12x*p+12xy*-21x>+24xy+3x)
Cz=h ) e gy ()

1,1 1, 1 2
|yt — P =Xy —x? +—x +—xj
(y 187 2T TV Ty

1 1
=€ ¢ (x) + e g, () et oxly

N
|

0
1 oy
. Zcrearx+bry__e2x 3y
r=l1 6

2 2 =
where a .t arbr—b ,,+ar—br 0

o0
1
L= ey —Ee”y cos(x +2y)

r=1

where a ?+2a b -2b+3 = 0
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Unit-1V Lesson No. 13
B.A. 2nd Semester Subject : Mathematics

4.1.0 SPHERE

It is the locus of a point which moves such that its distance from a
fixed point always remains contants. The fixed point is called the centre of the
sphere and the constant distance is called the radius of the sphere.

4.1.1 THE EQUATION OF A SPHERE R
IN STANDARD FORM

The equation of the sphere whose centre is
origin and radius ‘a’ is given by P(x, Y, 2)

2 2 2 2
X“+y +z =a 0(0/0, 0)

4.1.2 EQUATION OF A SPHERE WITH
GIVEN CENTRE AND RADIUS Y P(x,y, 2)

The equation of a sphere whose centre is
(a, b, ¢) and the radius r is given by (x - a)’> + (y -
b+ (z - ¢)? =12

4.1.3 EQUATION OF A SPHERE IN GENERAL FORM

To prove that the equation x> + y> + z> + 2ux + 2vy + 2wz + d = 0
represents a sphere. Find its centre and radius.

Proof : The given equation is

x>ty +z22+2ux +2vy + 2wz +d =0 ... (D)
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(x* + 2ux) + (y* + 2uy) H(z* + 2wz) = -d ...... (2)

Adding u? + v?> + w? to both sides of eq (2) to complete the perfect
square, we get.

(Xz—i-Zux+u2)+(y2 +2Vy+V2)+(Zz+2WZ+W2)=u2+V2+W2—d

= [x-(uF +ly-F + - (wF = v wimdf e (3)
which is clearly equation of sphere in central form
ie,(x-aY+(y-b)}+(z-¢c)¥=r> ... (4)

Compairing (3) and (4), we get

a=-u,b=-v,c=-wandr = /242 +w2—d

Hence centre of the sphere (1) is

(-u, -v, - w) and its centre is /2 +v2 + w2 —d
Note : The given equation represents a sphere if it satisfy the following
conditions :-
1) It is a second degree equation in X, vy, z.
i) Coefficient of x* = coefficient of y> = coefficient of z%, and
1) It doesn’t contain the term involving the products xy, yz, and zx.

Example : Find the equation of the sphere whose centre is (2, -3, 4) and
radius 5.

Solution : Equation of the sphere with centre (2, -3, -4) and radius 5 is
(x-2)+(y-(-3))+(z-4)=(5)
= X2-4x+4+y +6y+9+2z>-82+16=25

X2+y*+2722-4x+6y-8z2+4=0
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Example: Find the centre and radius of the sphere given by

1) Xty +z2-2x +4y-6z2=11

i) 2x2+ 2y* + 2722 -2x +4y +2z-15=0

Solution : i) The equation of the sphere is
x2+y*+2z2-2x+4y-6z-11=0 ... (1)
Compare eq (1) with general equation of the sphere
x>+ y?+ 272+ 2ux + 2vy + 2wz + d = 0, we get
2u=-2,2v=4,2w=-6,d =-11

or u=-1,v=2,w=-3,d=-11

Hence the given equation represents a sphere whose centre is

(-u, -v, -w) i.e., (1, -2, 3) and radious = \/y? 42 +w? —d

e, V1+4+9+11 =25 =5

1) The equation of the sphere is
2x2+2y* + 2722 -2x +4y +2z-15=0

15
= X2+y2+zz-x+2y+z-?=O ...... (1)

Compare eq (1) with the general equation of the sphere

x?+y*+ 272+ 2ux + 2vy + 2wz + d = 0, we get

15
2u=-1,2v=2,2w=1,d=—?

or u=——,V=l,W=

Hence the given equation represents a sphere whose centre is
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| (1 4 _1]
(-u, -v, -w), i.e. )

1Y’ 1 15
and radius = \/u2+vz+w2—d = \/(EJ +1+(Ej +?

1 1 15 1 15
=, |=+—+1+—= =, |=+—+1
4 4 2 2 2

= V8+1 =9 =3

Example : Find the equation to the sphere whose centre is the point (-1, 2, 3)

and which passes through the point (1, -1, 2)

Solution : Equation of the sphere having centre (-1, 2, 3) and radius ‘a’ is
x-(CDyP+y-27+(@z-3)7=2a

= x+1)Y+(y-2)P+(@z-3)yY=a ... (1)
Since it passes through (1, -1, 2), then we have
(1+1)+(¢-1-2+@2-3)3=a’

= 4+9+1=a

= a’= 14
With radius 4 = /14, the equation of the sphere (1) becomes
x+1)Y+(y-2P>+(z-3)2=14
xX2+2x+1+y*-4y+4+22-62+9=14

= x>ty +z22+2x-4y-62=0

4.1.4 EQUATION OF A SPHERE IN DIAMETER FORM

To find the equation of the sphere whose ends of diameter are (x,, y, z,)
and (x,, y,, Z,)
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Proof : Let A (x,, y,, z,) and B (x,, y,, z,) be the given end points of the
diameter AB on the sphere. Let (P (X, y, z) be any point on the sphere. Join AP
and BP.

Since AB is the diameter of the sphere P(X, y, 2)
= /APB = angle in the semi circle = 90°
= AP 1 PB A (X, ¥y, Z)) B (X, ¥2r 22)

Now the direction ratio’s of AP are x-x,, y-
Y¥,» z-z, and the direction ratios of BP are x-x,, y-

Yy Z°Z,.
Since AP | PB
= X-x)E-x)+T@y-y)y-y)t(z-2)(z-2)=0
Example : Obtain the equation of the sphere described on the join of (1, 2, 3)
and (0, 4, -1) as diameter.
Solution : Let A (1, 2, 3) and B (0, 4, -1) be the given points

Let P (x, y, z) be any point on the sphere P ¥.2)

Join PA and PB, then /APB =90° A(1,2 3) B (0, 4, -1)
~ APLPB e (1)

Now the direction ratios of AP are x - 1, y - 2, z - 1 and those of BP are
x-0,y-4,z+1

From eq (1), we get
x-1D)x-0)+(y-2)(y-4)+(z-3)z+1)=0
X2-X+y-4y-2y+8+4z22+2z-32-3=0

= XX+ty+z22-x-6y-22+5=0
which is the required equation of the sphere.

4.1.5 EQUATION OF A SPHERE IN FOUR POINTS FORM

To find the equation of a sphere passing through four given points.
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Proof : Let the required equation of sphere be
x2+y*+2z2-2ux +2vy + 2wz +d =0

LetP (x,,y,,2), Q (X,,¥, 2,), R(X,,y,,2z,) and S (x,, y,, 2,) be the four
given points on the sphere

Since (1) passes through P, Q, R, and S, we have

X;+y.+z; +2ux, +2vy, +2wz, +d=0 ... (2)
X3 +y5+2;+2ux, +2vy, +2wz, +d=0 ... (3)
X>+Yy;: +75 +2ux, +2vy, +2wz, +d =0  ...... (4)
X;+y:+z; +2ux, +2vy, +2wz, +d=0 ... %)

Eliminating u, v, w, d from (1), (2), (3), (4) and (5) with the help of
determinants, we get

x2+y?+272 X y z 1
Xlz + Y12 + le Xy Y1 Z 1
xi + yi +z§ X, Y, z, 1 =0
X§ + Y§ + Z§ X3 Y3 Zy 1
Xi + y421 + Zi X4 Y4 Z 1

which is the regd equation of the sphere in four point form

Note : In numerical examples, find the values of u, v, w, and d from (2), (3), (4)

and (5) by substituting these values u, v, w, and d, in eq (1) we get the equation of
sphere passing through four given points.

Example : Find the equation of the sphere through the points
(0, 0, 0), (a, 0, 0), (0, b, 0), (0, 0, ¢)
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Solution : Let the equation of the sphere be
x?+y*+2z2+2ux +2vy+2wz+d=0 ... (1)
Since it passed through (0,0,0) = d=0 ... (2)
Again (1) passes through the points (a, 0, 0), (0, b, 0), (0, 0, c)
a2+2ua+d=0,b>+2vb+d=0,c*+2wz+d=0
Putting d = 0 from (2), in these equations, we get
a>+2ua=0,b>+2vb=0, c*+2wc =0

= a(a+2u)=0,b(b+2v)=0,c(c+2w)=0

Substituting these values, u, v, w, d in eq. (1), we get

x>ty +z2-ax-by-cz=0

EXERCISE
1. Find the equation of the sphere whose centre is (2, -3, 4) and radius
5.
2. Find the centre and radius of the spheres.

i) XX+y+z22+2x-4y-62+5=0
i1) 2x2+2y* + 2722 -2x +4y +2z2+3=0

3. Prove that the equation ax® + ay? + az?> + 2ux + 4uy + 2wz +d = 0
represents a sphere and find its centre and radius.

4. Find the equation of the sphere if (-1, 3, 2) (5, 7, -6) are the end of a
diameter.

5. Find the equation of a sphere which passes through (0, 0, 0) and which

, 1,
has its centre at 2

213



Find the equation of the sphere through the following points and also
find its centre and radius.

(09 05 O)’ (-15 15 1)7 (17 _17 1) and (1’ 15 -1)
Find the equation of the sphere circumscribing the tetrahedron

x=0, y=0, z=0,2+ ¥+ %=1
a b ¢

Find the equation of sphere which passes through the points (1, -4, 3),
(1, -5, 2), (1, -3, 0) and whose centre lies on the plane x +y + z =0
Show that the equation of the sphere passing through the three points
(3,0,2) (-1, 1, 1), (2, -5, 4) and having its centre on the plane
2x +3y+4z=61isx>*+y*+22+4y-62-1=0

ANSWERS
X2ty +z2-4x+6y-82+24=0

1
() ¢ (-1, 2, 3), radius = 3 (ii) C(E’_I’TJ’ radius = 0

-u -V —WwW 1
) ) ; _\/u2+V2+W2—d
a a a a

x2+y'+272-4x-10y+4z+4=0
2(x2+y*P+ 728 =1

33
2 2 2 _ _ _ =0 | =,—,—|:
x*+y +2z*-3x -3y -3z2=0; (2 5

x*ty'+tz2-ax-by-cz=0
xX2+y' +2722-4x+Ty-32+15=0

skeoskoskoskeosk skoskok
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Unit-1V Lesson No. 14
B.A. 2nd Semester Subject : Mathematics

4.2.1 PLANE SECTION OF A SPHERE

To prove that the section of a sphere by a plane is a circle.

Proof : Let C be the centre of the sphere, ‘a’ is its radius and « the plane.
Draw CO 1 from C on the plane Land let CO = p, so that O is a fixed point
and p is fixed length.

Let P be any point on the section of the sphere by the plane ¢ . Join CP
and OP. Since CO to the plane ¢.

CO 1 OP, a line which means it is that plane.

In the right /4 ACOP, we have
OP? = (CP)? - (CO)? = a? - p?

2

or OP=,/a’-p
which is constant and O is a fixed point.

Hence p lies on a circle whose centre is O and radius /a*-p?® . This

proves that the section of a sphere by a plane is a circle.

Note: 1) The centre of circle is the foot of perpendicular from the centre of the
sphere on the plane, and
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2) Radius of the circle = ,/a®-p> where ‘a’ is the radius of sphere and
‘p’, the length of | from the centre of the sphere on the plane.
3) If p = 0, then circle is called great circle.

4.2.2 THE EQUATION TO A CIRCLE

Any circle is the intersection of a plane and a sphere, hence a circle can
be represented by two equations, one being of a sphere and the other of plane.
Thus the equations

xX2+y?+z22+2ux +2vy + 2wz +d =0
Ix + my+nz=p
taken together represent a circle.

4.2.3 INTERSECTION OF TWO SPHERES

To show that the curve of intersection of two spheres is a circle.
Proof : Let the two spheres be given by the equations.
S, :x*+y +Z+2ux+2vy+2wz+d =0 ... (1)
and S :xX*+y’+Z2+2ux+2vyy+2wz+d, =0 ... (2)
Then the coordinates of points common to both the spheres satisfy both
the equations and hence they satisfy the equation.

S-S, =2, -u)+2(v,-v)+2(w,-w)z+d -d,=0 ... 3)
which being first degree equation in X, y, z represent a plane.

Thus, the curve of intersection of two spheres is the same as that of the
plane (3) with any of the given spheres.

Example : Find the centre and radius of the circle in which the sphere
x2+y*+2z22+2x-2y-42-19=0
is cut by the plane x + 2y + 2z + 7 =0

Solution : The given sphere is
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x?+y*+2z22+2x-2y-42z-19=0 ... (D)

Its centre is c(-1, 1, 2) and radius \/uz +vi+wli=d

= J1+1+4+19 =5

The given plane is x + 2y +2z+7=0 ...... (2)

Equation (1) and (2) taken together represent a circle. Now the centre
of the circle is the foot of | from the centre of the sphere (1) on the plane (2)

Now direction ratio’s of the normal to the plane
(2) are 1, 2, 2 equation of the liine CA through C and
perpendicular to plane (2) are P

)

x+1 y-1 z-2
I 2 2 Tew
At any point on this lineisA(r-1,2r+ 1,2r+2) ... (3)
Since A lies on the plane (2)
(r-)+2Q2r+1)+2Q2r+2)+7=0

= r-1+4r+2+4r+4+7=0

= 9r+12=0

Putting this value of r in eq (3), we get

7 5 2

(_E’_E’_Ej’ which is the required centre of the circle.

Again p = CA = | distance from C (-1, 1, 2) on the sphere (2)

217



p=—1+2(1)+2(2)+7

VI2 422422
_ —l+2+4+47 _12 _,
_ : -5 -

Also CP = radius of the sphere a =5

Radius of the circle = AP = \/az -p’ = JCP? —CA2

=+25-16 =3
Example : Prove that the equation of the sphere which passes through the
point (a,pB,y) and the circle x> + y* + z* =a%, z=0 is

y(xX*+y* +7z°-a’)=z (o’ +p* +y’-a%)
Solution : The equation of the sphere through the given circle is

x>ty +z2-a2+3z=0
It will pass through the point (a, 3, L)
if o+ B*+y°—a® + Ay =0

= o>+ B +y’—a’ =- Ay

((12+ Bz+yz_az)
Y

= A=

Substituting the value of ; in equation (1), we get

y(x*+y +z°-a%)=z(a’ +B’ +y’ -a%)
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EXERCISES
Find the centre and radius of the circle
x?+y*+2z2+ 25 2x +y+2z=09.
Show that the radius of the circle
XXty +z22+x+y+z=4=0,x+ty+z=01is 2.
Obtain the equations of the circle lying on the sphere
x? +y*+ 272 - 2x + 4y - 6z + 3 = 0 and having its centre at (2, 3, -4)
Find the centre and radius of the circle

X2+ Yy +22-8x+4y+8z-45=0, x -2y + 2z = 3.
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4.2.4 SPHERES THROUGH A GIVEN CIRCLE
Let the circle be given by the equations
S:x*+y’+z22+2ux +2vy + 2wz +d=0 .. (D)
P:x+my+nz-p=0 ... (2)
Now consider the equations S + kP = 0

= xX2+y?+z22+2ux +2vy+ 2wz +d +k (Ix + my + nz-p) =0 ..... (3)

Note: The above equations (3) represents a sphere through the curve of
intersection of (1) and (2) in the given circle. Thus any sphere through the
circle S=0,P=0is S+kP =0

Similarly, if the circle be given by the intersecton of two spheres :
S:x*+y?+22+2ux +2vy + 2wz +d =0
St:x?+y*+ 22+ 2u'x + 2vly + 2w'z + d' =0
Then any sphere through this circle is S + k S' =0
Also, the equation of the planes of the circle through the two spheres
S=0,S'=01is
S-S'=2@-u)x+2w-vh)+2(w-wHz+d-d' =0
From this, we see that the equation of any sphere through the circle
S =0, S'= 0 may also be taken as
S+k(S-SH=0
Definition : The section of a sphere by a plane passing through its centre is

called a great circle.

The centre and radius of the great circle are the same as the centre and

radius of the sphere.

Note : If a plane meets a sphere in a great circle, then the centre of the sphere

lies on the plane of the circle.
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Example : Obtain the equation of the sphere through the circle
x> +y*+2z2=9,2x + 3y + 4z = 5 and the origin

Solution : Any sphere through the circle
X2ty +2z22=9,2x+3y+4z=151s
x>ty +2z22-9+k(2x+3y+4z-5=0 ... (1)
Since it passes through the origin the (0, 0, 0)

~9-5k=0 =-9=5k :k:?
Substituting the value of k in equation (1), we get

-9
x2+y2+zz-9T(2x+3y+4z-5)=O

= S(xX*+y*+27%)-45-18x-27y-36z+45=0
= SxX*+y*+27Y)-18x -27y-362=0

Example : A circle with centre (2, 3, 0) and radius 1 is drawn in the plane
z = 0. Find the equation of the sphere which passes through this circle at the

point (1, 1, 1)

Solution : Equation of the given circle is

x-2yY+(y-3?>+z2=14,2z=0 ... (1)
Any sphere through the above circle is
x-22+(y-32 +22-1°+k=0 ... (2)

where k is constant
If it passes through (1, 1, 1), then
(1-22+(1-32+(1)-12+k=0

= 1+4+k=0 = k=-5
Substitute the value of k in eq (2), we get
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(x-2Y+(y-3? +22-1-52=0
= x?-4x+4+y-6y+9+72-52-1=0
= x2+y*+272-4x-6y-5z+12=0

Example : Prove that the plane x + 2y - z = 4 cuts the sphere x> + y* + z? - x
- 2 =0 in the circle of radius unity; and find the equation of the sphere which

has this circle for one of the great circle.

Solution : The given sphere is
x>ty +z22-x+z-2=0 ... (1)
and the plane x + 2y -z-4=0 ... (2) P

1 -1
Now the centre of the sphere (1) is C 5’ 0,7

1Y’ 1Y
and its radius \/ (EJ +0° + (7) +2

1 -1
CA = | distance of C(E’ 0,7] from the plane (2)

1 -1
) 2+2(0)—(2j—4 3
il V6
3 \ﬁ e
V23 Vs \2
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Radius of circle = AP = \/CcP2 —CA?2

53
=== =4 =1
2 2 i

Hence, the plane (2) meets the sphere (1) in a circle of radius unity.
Now any sphere through the intersection of (1) and (2) is

Xty +z22-x+z-2+k(x+2y-2-4)=0

x>ty +z22+(-1+k)x+2ky+(1-k)z-2-4k=0 ... 3)
If the circle of intersection of (1) and (2), is a great circle of sphere (3),
1-k k-1

then the centre S —kaT of sphere (3) and must lie on the plane (2)

(520051
2 2
= -6k-6=0 = -6k =6
= =-1

Putting k = -1 in eq (3), the required sphere is
XX+y?+z2-x+z-2-(x+2y-2z-4)=0

= X2+y+z2-2x-2y+2z2+2=0

Example : Prove that the circles
X2+y?+2z22-2x+3y+4z-5=0,5y+6z+1=0
and x2+y?*+z*-3x+4y+5z2-6=0,x +2y-72=0,
lie on the same sphere and find its equation

Solution : Equation of the sphere containing the circle

X2+ y2+272-2x+3y+4z-5=0,5y+6z+1=0is
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X2+ y +72-2x+3y+4z-5+k Sy +6z+1)=0
orx?+y*+z22-2x+(3+5k)y+@d+6k)z+(k-5=0 ... (1)
and the equation of the sphere containing the circle
X2+ Yy +22-3x-4y+52-6=0,x+2y-7z=0is
X2+y*+2722-3x-4y+52-6+k(x+2y-72)=0
or x>+ y + 22+ (3 +k)x+(-4+2k)y+(5-7k)z-5=0 .. (2)

If the equation (1) and (2) represent the same sphere them compairing
the coefficients of x, y, z we have

(1) (i1) (iii) (iv)
-2 3+5k 4+ 6k E
—3+k' — 442k —5-7k' -6

From (i) and (ii) we get
8 - 4k' = -9 + 3k' - 15k + 5kk!
7k' - 15k + 5kk' =17 Ll 3)
From (i) and (iv), we get
12 =-3k + 15 + kk' - 5k'
3k + 5k'-kk'=3 L 4)
Multiply (3) by 1 and (4) by 5, we get
7k' - 15k + 5kk!' = 17
25k' + 15k - 5kk' =15
32k' =32 = k' =
Substituting the value of k! in equation (3), we get
7 -15k + 5k =17
= -10k = 10
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= k=-1
Substituting the value of k in eq (1) and k' in eq (2), we get the same
equation to the sphere namely

x2+y*+2z2-2x-2y-2z-6=0.
EXERCISES
1. Find the equation of sphere through the circle
x> +y*+2z2=9,2x + 3y + 4z = 5 and point (1, 2, 3).
2. Find the equation of the circle lying on the sphere
x? +y*+ 272 - 2x + 4y - 6z + 3 = 0 and having its centre at (2, 5, 4)
3. Find the equation to the sphere having the circle.

x> +y?+2>+ 10y -4z - 8 =0, x + y + z = 3 as the great circle.

4. Find the centre and radius of the circle
x?+y*+2z22-2y-4z-11=0,x+2y+z=15.
ANSWERS

1. 3x? +3y* +322-2x-3y-4z-22=0
2. x?+ty?+72-2x+4y-62+3=0,x+5y-72-45=0
3. x>ty +z22-4x+6y-82+4=0

4. (1,3,4); J7

sk sk sk sk ok skook skook
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Unit-1V Lesson No. 15
B.A. 2nd Semester Subject : Mathematics

4.3.1 INTERSECTION OF SPHERE AND A STRAIGHT LINE

X—X, Y-y, zZ-2

To find the points where the line meet the sphere

m n
x2+y*+2z2+2ux +2vy-2wz+d=0
Solution :
The given line is
. IX' =ymy' :an' (=rsay) e (1)
The sphere is x> + y> + z> + 2ux + 2vy + 2wz +d =0 ....... (2)
Any point on the line (1) is (Ir + x, mr +y,nr+z) ... 3)

If it lies on the sphere (2), then
(Ir + x,)> + (mr +y,)* + (or +z,)* + 2u (Ir + x,) + 2v (mr + y,)

2w (nr+z)+d=0

or I’r’ +x}+2Ixr+m’r’ +y; +2mry, +n’r’ +z’ +2nrz, +2ulr + 2ux,
+2vmr +2wz, +d =0

or (12 +m?+n® )+ 2rfI(x, +u)+m(y, +u)+n(z, + W)+ x> +y: +77 +

2ux, +2vy,+2wz,+d =0
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which is quadralic in r and hence gives two values of r. Putting these
values of r one by one in eg. (3), we get the two points of intersection of a
sphere and straight line.

Example :To find the coordinates of the points where the line

x+3 y+4 z-8
4 3 -5

intersects the sphere x*> + y*> + z2 + 2x - 10y = 23

Solution : The equation of line and sphere are given by

x+3 y+4 z-8

4 3 s =) (1)
x>ty +z22+2x-10y-23=0 .......... (2)
Any point on the line (1) is (ur - 3, 3r-4, -5r +8) ... (3)

It lies on the sphere (2), then
(ur - 3)>+ (3r - 4)> + (-5r +8)> + 2(4r - 3) - 10(3r-4) - 23 =0
16r* + 912 + 25r% - 2ur - 2ur - 80r + 8r - 30r + 9+16+ 64 - 6 + 40-23 =0
50r2 - 150r + 100 =0
= r’-3rt+2=0 = 1r-2r-r+2=0
= (r-2)-1(c-2)=0=(r-1)(x-2)=0=r1r=1,2
Substituting r = 1 and r = 2 one by one in (3) we get
(1, -1, 3) and (5, 2, -2) respectively are the points of intersection of line
and sphere.
EXAMPLE : Find the coordinates of the points where the line
Xx+2 y+9 z-8
4 3 -5

meets the sphere x* + y> + z2 =49

SOLUTION : The given line and sphere is
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Xx+2 y+9 z-8

2 3 = =r(say)) e (1)
and x2+y*+z> =49 . (2)
Any point on the line (1) is (ur - 2, 3r-9, -5r+8) ... 3)

It it lies on the sphere (2), then
(ur - 2>+ (3r - 9)* + (-5r + 8)* =49
161> + 91> + 251> - 16r - 54r - 80r + 4 + 81 + 64 - 49 =0
50r? - 150r + 100 =0 =1r-3r+2=0
= r=1,2

Substituting r = 1 and r = 2 one by one is (3) we get (2, -6, 3) and
(6, -3, 2) are the points of the intersection of sphere and line.

4.3.2 EQUATION OF THE TANGENT PLANE AT A POINT

To find the equation of the tngent plane at the point (x,, y,, z,) to the
sphere

1) X2+y2+22:a2
i) xX2+y?+z22+2ux +2vy + 2wz +d =0
Proof : i) The given sphere is x> + y> + 22> =a’? .. (1)

Any line through the point (x, y, z) is

X—X, Y-y Z-2Z

1 = —-r 2)

Coordinate of any point on the line are (Ir + x, mr +y, nr + z))
If it lies on the sphere (2), then

(Ir + x)* + (mr + y )* + (nr + z,)* = a°

= PP +m’+n)+2(x, +my+nz, )+ x> +y 422 a7 =0 oo 3)
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which is quadratic in .

Since (x,, y,, z,) lies on (1)

X +yr+zi-a’=0 (4)

equation (3) becomes, r’ (12 +m’ +n2)+ 2r(lx, + my,+nz,)=0 -~ (5)

) One value of r is zero. If the line (2) touches the sphere (1), then the
hne meets the sphere only in one point (two coincident points) so that the two
values of r in eq. (5) must be equal. But one value of r is zero, therefore, other
value of r must also zero, i.e. coefficient of r = 0

= Ix, +my, +nz =0 ---- (6)

To find the focus of the line (2), we have to elliminated, m, n from (2)
and (6). Substituting the value of I, m, n from eq (2) into eq (6), we get

(x-x)X, T (y-y)y, *(z-2)2=0
= XX, tyy, tzz, = X12+Y12+le

— 92
= XX, Tyy tzz =a

which is the required equation of the tangent plane at (x, y, z) to the
sphere (1).

1) The given sphere is
X2ty +z2+2ux +2vy + 2wz +d=0 ... (1)

Any line through (x, y,, z)) is

X=X, Y-y, z-z

- =r (say) e (2)

Any point on line (2) is (Ir + x,, mr +y, nr + z))

If it lies on (1), then we have
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(Ir+x)+(mr+y)y+@r+z)y+2uldr+x)+2vmr+y)+ 2 w

(nr+z)+d=0

=

(P +m?+n2)+ 2r [i(u+x, )+ m(v+y, )+n(w +2,)] x> +y? +27 +2ux, +
2vy, +2wz, +d=0 (3)

which is quadratic in r. Since (x,, y,, z,) lies on sphere (1)
X;+yi+2z +2ux, +2vy, +2wz, +d =0 ... 4)

Equation (3) becomes

(P +m>+n’ )+ 2r l(u+x,)+m(v+y, )+n(w +2)]=0 oo (5)

Its one root is zero. Since the line (2) touches the sphere so both the

values of r from (5) must be equal. As one value of r is already zero. This

implies 2nd value of r from (5) must alsobe zero

=

Coefficient of r = 0
Le.lu+x)+mv+y)+nw+z)=0 ... (6)
Eliminating 1, m, n from (2) and (6), the locus of the tangent lines (2) is

(X'Xl)(U+X1)+(Y'Vl)(V+y1)+(Z _Zl)(W+Zl)=O
XU+ XX, - X; +VY—=Vy, + Yy, —Y; + WZ— Wz, +7Z,— 7, =
XX, Tyy, + 2z, T UX + VX + Wz = x] +y; +z + ux, T uy, + wz,

Adding ux, + vy + wz, + d to both sides, we set
xx, tyy, tzz, tux+uy +wz+ux +vy +wz, +d=0

which is the required equation of the tangent plane at (x, y, z)

Note : The radius of sphere through the poind of contact of the tangent plane

is perpendicular to the tangent plane.
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4.3.3 TANGENT PLANE PROPERTY

1) If a plane touches a sphere, then | distance of the centre from the

plane = radius of the sphere

i1) Similarly if a line touches a sphere, then the | distance of the centre

from the line = radius of the sphere

Example : Show that the plane 2x - 2y + z + 12 = 0 touches the sphere
x?+y*+ 272 -2x -4y + 2z - 3 = 0 and find the point contact.

Solution : The equation of the plane is
2x -2y +z+12=0
and the sphere is x> + y> + 7> - 2x -4y +2z-3=0
Here 2u=-2,2v=-4,2w=2,d=-3
reu=-1,v=2,w=1,d=-3

Centre (-u, -v, -w) i.e. (1, 2, -1)
and radius = \u? +v2 +w’—d = V1+4+1+3

= 9:3

Now the plane 2x - 2y + z + 12 = 0 touches the givn sphere if the
length of the | from the centre (1, 2, -1) of the sphere to the plane is equal to

the radius of the sphere. So we have

(2)(1)-2(2)-1+12
Va+4+1

= 3 which is true

Also the point of contact is the foot of the | from the centre (1, 2, -1)
of the sphere to the plane 2x - 2y +z+ 12 =0

Equation of the line through (1, 2, -1) and | to the sphere
2x -2y +2z+12=0
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x-1_y-2 z+1
are — - . r

any point on the line is 2r + 1, -2r + 2, r -1)
If this point lies on the plane then
22r+1)-2(2r+2)+(r-1)+12=0
ur+2+ur-4+r-1+12=0
= Or=-9 = r=-1
Hence point of contactis (-2 + 1,2 +2, -1 -1)
i.e. (-1, 4, -2), which is the required point contact.
Example : Find the equation of the tangent plane to the sphere
X2+y+z22-4x+2y-62+5=0
which are parallel to the plane 2x +y -y =0
Solution : Equation of the sphere is x> + y> + 22 -4x + 2y -6z +5=0

Its centre is (2, -1, 3)

and radius = J44+1+9-5 = \/5 =3

Any plane parallel to the plane 2x +y-z=0is2x +ty-z =k
It it touches the sphere then length | from the centre of the sphere

must be equal to the radius of the sphere.

20)+(=D-(3)-k

L.e. Ja+1+1

-k
= ﬁﬂ =  k=3J6 = K=54 =k=13/6

Hence the required equation of the plane are 2x +y - z = 13./¢
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EXERCISES
To find the equation of the tangent plane at P(-3, 5, 4) to the sphere
x2+y*+2z22+5x-Ty+2z-8=0.
Show that the plane 2x +y - z = 12 touches the sphere x* + y* + z> = 24
and find its point of contact.

Find the equation of sphere which touches the sphere x> + y* + z* + 2x
- 6y + 1 = 0 at the point (1, 2, -2) and passes through the angle

Obtain the equation of the tangent planes to the sphere x> + y* + z> =9

which can be drawn through the line X;S = y_—zl = Zl_l .

Find the equation of the tangent planes to the sphere

x2+y?+ 272+ 4x - 6y + 2z - 5 =0 at the point (1, 2, 3).
ANSWERS :

x-3y-10z+58=0

(4, 2, -2) and (-4, -2, 2)

4x2+y*+2z) +10x - 25y -2z2=0

X +2y+22-9=0,2x+y-22-9=0

3x-y+3z-7=0
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4.3.4 ANGLE OF INTERSECTION OF TWO SPHERES

The angle of intersection of two spheres is the angle between their
tangent at a common point of intersection. Also the ratio of the spheres to a
common point are | to the tangent plane at that point.

4.3.5 FIND THE ANGLE OF INTERSECTION OF TWO
SPHERES AT THE COMMON POINT OF
INTERSECTION.

Solution : Let C, C, be the centre of two spheres of radi r, and r,. Let p be the

common poinit of intersecton and let d = C,C,. D
Angle of intersection of two spheres Q O
= Angle between the tangent at P ‘ﬂx

= Angle betwen radii of the two spheres

(Clp)2 +(Czp)2 _(C1C2)2 _ 1‘12 +r22 —d’

Cos=—-——"""—"—"— =—"7"— . 1
= 2(p)(eap) 21, )
12+ =d?
. 6=Cos 1(—1 5 z J
L,

4.3.6 CONDITIONS OF ORTHOGONALITY OF TWO
SPHERES

If two spheres are orthogonal, then § =9(

= Cos 90 =0

Therefore (2) radious to r? +r7 —d*=0

= r,+1, =d’
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i.e., square of distance between the centre of two spheres = sum of

square of the radii

To find the condition that the spheres

X*+y +z22+2ux+2vy+2wz+d =0

and x> +y*+2z° +2ux +2vyy+2wz +d, =0

may cut orthogonally
Solution : The two spheres are

X*+y +z22+2ux+2vy+2wz+d =0 ... (1)

and x> +y*+2z°+2ux+2vy+2wz+d =0 ... (2)

If the sphers cut orthogonally, then square of distance between their
centres = sum of the spheres of their radii ... (3)

Now the centre of sphere (1) and (2) are ¢ (-u, -v,, -w,) and ¢ (-u,, -v,,

-w,) and their radii are

\/ul2 +vi+w—d, \/ug +vi+ws—d,

From eq (3), we have

(-u, + ul)z + (v, Vl)2 +(-w, + Wl)2 +( u12 +V12 +W12 -d,)

2 2 2
T (us+vi+w,—d,)
2 2 2 2 2 2 — .2 2 2

= u; +u; —2uu, V) FVE =2V v, W AW —2w W, =up + v+ w —d,

+ul+vi+wi—d,
= 2uu, -2vyv,-2ww, =-d -d,
= 2uu, +2vyv, +2ww, =d +d,

which is the required condition of orthogonality of two spheres.

Example : Find the ange of intersection of the two spheres.
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Xty +z22+2x-4y-62+10=0 ... (1)

and x>+ y?+2z°-6x-2y-2z+2=0  .... (2)
Solution : Centre of first sphere ¢ (1, 2, 3)

Centre of second sphere ¢,(3, 1, 1)

Radius of first sphere r =y1+4+9-10 —J4 =2
Radius of second sphere r, =4/9+1+1-10=+/9 =3
Therefore d = cc, =+/4+1+4=+/9 =3

Let 9 be the angle between the two spheres, then

Cospo i tn—d® _4+9-9 4 1
211, 2x2x3 12 3

41
= 6 = cos 1(5) is the required angle of intersection of (1) and (2)

Example : Show that the spheres x> + y* + z2+ 6y + 2z + § =0
and x2+y*+2z2+6x+8y+4z+20=0
are orthogonal. Find their plane of intersection.
Solution : The given spheres are
X2+y?+22+2x+6y+22+8=0 .. (1)
and x> +y*+ 22+ 6x +8y+4z+20=0 ....... (2)
Hereu =0,v, =3, w =1,d =8, u,=3,v,=4,w,=2,d,=20
Thus the sphere will be orthogonal if
2uu, +2vyv, +2ww, =d +d,
orif2(0) 3)+23) @) +2(1)(2)=8+20
orif 0 +24 +4 =28
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or if 28 = 28 which is true

Hence the two spheres are orthogonal.

Also the plane of intersection of these two given sphere is

X2+y +z22+6y+2z+8-(x>+y?+22+6x +8y+4z+20)=0

-6x -2y-2z-12=0

3x + y+ z+ 6 =0 is the required equation of plane.
EXERCISES

Find the equaton of the sphere through the crcle

x*+ty'+2z22-2x+3y-42+6=0

3x -4y +5z-15=0

Cutting the spheres x? + y> + z2 + 2x + 4y - 6z + 11 = 0 orthogonally.

Two spheres of radii r, and r, cut orthogonally. Prove that the value of
LT

the common circle is 2, 2.
47,

Find the radius of the sphere which touches the plane 3x+ 2y-z+2 =0
at the point (1, -2, 1) and also cut orthogonally the shere

x2+y?+2z2-4x + 6y +4 = 0.
ANSWERS
5x2+y?+2%)-13x + 19y - 252 +45=0

Radius = ;|
adius >

s sk sk sk sk sk skok
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Unit-V Lesson No. 16
B.A. 2nd Semester Subject : Mathematics

5.1 CONE AND CYLINDER
5.1.1 CONE DEFINITION

The cone is a three dimensional geometric shape and a surface generated

by
1) a straight line which passes through a fixed point
1) intersect a given curve or touches a given surface.

The fixed point is called the vertex and the given curve (or surface) is
called the guiding curve of the cone. A straight line passing through the
vertex and intersecting the curve or touching the surface is caed a generator.

5.1.2 EQUATION OF CONE WITH VERTEX AT ORIGIN
Find the equation of the cone whose vertex at the origin.

Solution : The equation of any line passing through O(o, o, 0)

x-0 y-0_ z-0

" o =r(say) . (1)

Since the line intersect the curve
ax? + by? + ¢z? + 2fyz + 2gzx + 2hxy + 2ux + 2vyw + 23wz + d = 0 -(2)
At any point on the (1) is (rl, rm, rn)

This point will like on the curve (2) if

238



a(rl)?> + b(rm)? + c(rn)* + 2f(rm)(rn) + 2g(rn)(rl) + 2h(rl)(rm) + 2u(rl)
+ 2v(rm) + 2w(rn) + d =0
r’(al> + bm? + ¢n? + 2fam + gnl + 2hlm) + 2r(ul + vm + wn) +d =0

for each value of r,

Therefore,

al> + bm? + cn? + 2fam + gnl + 2hlm = 0 - (3)
ul + vm + wn =0 -—--(4)
d=0 - (5)

From eq (4), it is clear that u = v = w = 0, otherwise the point (I, m, n)
lies on the plane ux + vy + wz = 0 which is contradiction

Hence the regd equation of the cone is
ax* + by? + cz? + 2fyz + 2gxz + 2hxy = 0

5.1.3 EQUATION WITH VERTEX (o,8,7v) AND BASIC CONIC
f(xy) = ax> + hxy + by + 2gz + 2fy + ¢ =0,z =0

Solution : Let the equation of any line pasing through (a,B,y) is
X—o_y-p_z-vy
. =— (1)

m n

and the given guiding curve is

ax? + 2hxy + by*> + 2gx + 2fy +¢c,z=0 ... 2)

: : ly o my
Since (1) meets the plane z = 0 at the point (G-H,B- o ,Oj

Since the line (1) intersect the curve (2), we get
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a(a-l—yj +2h(a-llj(ﬁ-ﬂj+b(ﬁ-ﬂj +2g(a—llj+2f([3-mj+c=0
n n n n n

n

Eliminating 1, m, n from the above equation (3), we get the required

equaton of the cone as
2 2
a((x-x_ay} +2h(a-X-ayj(B-y_ByJ+b[B——y_Byj +2g(a——x_ayj
z-v z-y z-y z-y z-y

+2f(B-y—_Byj+c=0
z-y

= a(az - yx)2 + 2h(az - yx)(Bz - yy)+ b(Bz - yy)2 + Zg(az - yx)(z - 8)

+2f([32—yx)(z —y)+ c(z—y)2 =0
Example : Find the equation of the cone whose vertex is the point (-1, 1, 2)
and whose guiding curve is

3x2-y?=1,z=0
Solution : The guiding curve is 3x?> -y*=1,z=0

Any line through the point (-1, 1, 2) is

x-(-1) y-1 z-2
1 m n

., x=-1-2 y=-1-22
n n

This point lies on the conic (1)
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1 2 m 2
3(—1—2;] —(1—2;j =1 3)

Eliminating 1, m, n from (2) and (3) we get

] A=)

Example : Find the equation to the cone with vertex at origin at origin which

passes through the curve

X*+y'+22-x-1=0,x>+y’+22+y-2=0

Solution : Since the equation of the guiding curve are

XX+y+z22-x-1=0= x>ty +22-tx-t? wherex=1 ... (1)
and X2+ y?+ 22 +y-2=0 = xX>+y*+22-ty-2t2=0 ... (2)
Eliminating t from (1) and (2) we get

-tx -2 -ty +2t2=0

t?-tx-ty=0 = tt-x-y)=0
But t=0,
t-x-y=0 = t=x+y

Putting the value of t in eq (1), we get
X2+ty+z22-x2-xy-x2-y?-2xy=0
72 -x2-3xy=0 = x?2-722+3xy=0

This is the required equation of the cone

Example : Find the equation of cone whose vertex is (1, 2, 3) and the guiding

curve is the circle

x>ty +z22=4,x+ty+z=1
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Solution : The given curve is
XXty +tz22=4,x+y+z=1 . (D)
Any line through the point (1, 2, 3) is

= Xty +z22+ty-2t2=0 --(2)

Eliminating t from (1) and (2), we get
Stx -t -ty +222=0

= t?-tx-ty=0 = t(t-x-y)=0
But t=0,
t-x-y=0 = t=x+y

Putting the value of t in eq (1), we get

x-1 y-2 z-3

== —sr 2)

Any point on the line is (Ir + 1, mr + 2, nr + 3) ....... 3)
Since the point (Ir + 1, mr + 2, nr + 3) lies on (1), therefore
(Ir+ 1)+ (mr + 2>+ (nr + 3)*=4 ... 4)
and (Ir+ )+ (mr+2)+(ar+3)=1 ... %)
From (5), we have
rd+m+n)=-5 = r=——>
l+m+n
we have from eq (4), we have

P+m>+n)r2+(1+2m+ 3n)r=-10

2
. (12+m2+nzx_—5j +2(1+2m+3n{_—5j:—10

l[+m+n [+m+n

c of (6)
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25(12+m2 +nz)_1 (1+2m+3n)

=-10
(I+m+n) (I+m+n)

= 25(P+m?+n?)-10 (1 +2m + 3n) (1 + m + n) = -10(1 + m + n)?

= 25(12 + m? + n?) -1012 - 10lm - 10In - 20ml - 20m? - 20mn - 30nl - 30nm
-30n%=-10 (I> + m?> + n?> + 2lm + 2mn + 2nl)

= 5P+3m?>+n*-2lm-un-6mn=0 ... (7)
Eliminating 1, m, n from (2) and (7), we get
5(x-1)* + 3(y-2)* + (z-3)* -(2x-1)(y-2) - 4(z-3)(x-1)- 6(y-2)(z-3) =0

or 5(x2-2x+ 1)+ 3(y*-4y +4)+ (2> - 62+ 9) -2 (Xy - 2x -y + X)
-4 (xz-z-32+3)-6(yz-3y-22z+6)=0

= 5x2+3y?+22-10x + 5+ 12 - 12y - 62+ 9 - 2xy + 4x + 2y - 4 - 4xz
+4z+ 12x - 12 -6yz+ 18y + 122 -36 =0

5x% + 3y? + 72 - 2xy - 4xz - 6yz + 6x + 8y + 10z = 26
which is th required equation of the cone.

Example : The section of a cone whose guiding curve is the ellipse
LS
a2 2

=1,z=0 by the plane x = 0 is a rectangular hyperboa. Prove

. X2 y2 + 22
that the locus of the vertex is the surface —+
a

b

Solution : Let (a,,7) be the vertex of the cone. Then the equations of a

generator of the cone are

X-0 _y-m _z-—y

R —— (1)

m n
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This line will meet to the plane z = 0 in the point given by
1 m | m
(“——y, ——Y,OJ. The point (U—laﬁ——Yaoj will lie on the ellipse
n n n n

_+_
a’ b’

2 2
1 X -y 1 y-B
az( Z-VYJ bz(B Z-YYJ

N Lz(OLZ-VX)2+L2(BZ—W)2=(z—8)2
a b

2 2
X Yy
5 =

1,z=0 if

2.2 2 2
Yy (e . p 2PPyy
L (e e o

The section will represent a rectangular hyperbola in yz plane if

Coefficient of y? + coefficient of z*> = 0

X_2+y_+z_:1
a- b~ b
2 2 2
X" y +z
—+ =1
= a2 b2
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EXAMPLE : Find the equation to the quadratic cone which passes through
the three coordinates axes and the three mutually perpendicular lines

A X_y_=z X
-2 1 -1’5

y
-1 4

— | N

X z
1 3’

Solution : Any cone through the coordinates axes is

fyx + gzx + hxy =0

. . . X 'y z
Since it pass through the line —= Y = 3

1

Therefore, the direction ratios of the generator satisfy the equation of

the cone,
f(-2)(3) + g(3)(1) + h(1)(-2) =0
= -6f+3g-2h=0 ---(2)

X y z
—=-——=——,we have

Similarly as (1) passes through =17

f(-1(-1) = g((-1)(-1) + h(1)(-1) =0
= f-g-h=0 -3
Solving (2) and (3) we have

f _ g _ h
(=3)ED-EDE2) (HE)-6)(=1)  6(=1) = (1)(=3)

f_g_h 4
= 5 8 -3 @)

Now elliminating f, g, h from (1) and (4) we get
Syz + 8zx - 3xy =0
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X_¥y

z
This is the required ratios of the third generator S 41 satisfy the

equation of cone.
f(-2)(3) + g(3)(1) + h(1)(-2) = 0
= -6f +3g-2h =0 ---(2)

X V4
Similarly as (1) passes through 1 = _ll=_—1, we have

f(-1)(-1) + g(-1)(1) + h(1)(-1) = 0
= f-g-h=0 ----(3)
Solving (2) and (3), we have

f _ g _ h
ED-EDR) MR =-6)ED - 6(=1) = (1)(=3)

f_g
~ 5 8 —®

Now elluminating f, g, h, from (1) and (4) we get
Syz + 8zx - 3xy =0

X z
This is the required ratios of the third generator 5 = % = 1 satisfy the
equation of cone
EXERCISES
L. Find the equation of the cone whose vertex is (a, ,7) and whose base
is
i)y?=4ax,z=0 ii) z2=4ax,y=0
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2 2
iii) 5 +-5=1,z=0 iv)ax?+by’=1,z=0
a~ b
Find the equation to the cone with vertex at origin which passes through
the curve
ax? +bx? =2z, Ix + my + nz=p

Find the equation of the cone whose vertex is the point (1, 1, 3) and
which pass through the ellipse

4x?+z2=1,y=4

Find the equation of the cone whose vertex is the point (3, 1, 2) and
whose guiding lines pass through the ellipse zx?> + 3y?=1,z=0

ANSWERS
i) (Bz—vy) =4a(az-yx)z-y)

i) (Bz—vy) =4a(x-yy)B-y)

iii) (“Za_zyx]{&t;yyj = (z-v)’

iv) a(a( —vy)* +bB(—vy)’ = (y-v)’

p(ax? + by?) = 2z(Ix + my + nz)

2x*+ 4y?+ 3y*+ 6yz + 8xy - 32x - 34y - 24z + 69 =0
2x*+ 3y’ + 5z22-3yz - 6xz+z-1=0

General Second degree equation of second degree to represent a cone

5.1.4 TO FIND THE CONDITION FOR THE GENERAL

EQUATION OF SECOND DEGREE TO REPRESENT A
CONE

Let the general equation of second degree
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ax* + by? + cz? + 2fyz + gzx + 2hxy + 2ux + 2vy + 2wz +d =0 .....(1)
represents a cone whose vertex is the poing (a,ﬂ,y)

Then transforming the origin to (a, £, 7)

Than equation (1) reduces to

a(x +a)’ +b(y+P)’ +c(z+7y)” +2f(y +B)(z +7) + 2h(x + a)(y +P)
+2u(x+a)+2v(y+B)+2w(z+vy)+d =0

or ax? + by? + cz* + 2fyz + gzx + 2hxy + +2(aa+hp+gy+u)

+2(hy +bB+fy+v)+2(gy+fB+cy+w)z+2uy+2vp+ 2wy +d

+aa’ +bB* +cy’ + 2fpf +2gyg + 2hah =0

Since this represents a cone whose vertex is the orign, it must be a
homogenous equation. Therefore, we have

ao+hf+gy+u=0 ... (2)
ha+bB+fy+v=0 ... 3)
gy+fB+cy+w=0 ... (4)

+2u0+ 2vB + 2wy +d +aa’ + bp* + ¢y’ + 2fBf + 2gyg + 2hah =0
or +2(aa+hB+gy+u)+2(hy+bp+fy+v)+2(ao+fB+cy+w)
+ua+vp+wy+d=0

Using (2) (3) & (4) in equation (x), we have
ua+vB+wy+d=0 ... (5

Eliminating a,B,y from (2), (3), (4) and (5) we have
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e e 5o
- o 5
)
<
I

<
g
o

which is the required condition
Remark : As working rule, a convenient way of getting the equations that

determine the vertex if the cone.

ax’ +bp* +cy? + 2fBf +2gyg + 2hah + 2ua + 2vB + 2wy +d =0

is to first make it homogeneous involving a new variable t expression
with respect to x, y and z respectively, followed by the substitution of 1 for t.

Thus if

F(x, y, z) = ax>+ by*t cz? + dt* + 2fyz + 2gzx + 2hxy + 2uxt + 2vyt +
2wzt, then

Fx:a—F:2(ax+hy+gz+ut)
0x

Fyz%zZ(hx+by+fZ+ut)

Fz=2—£=2(gx+fy+cz+wt)

So Fx = Fy = Fz with t = 1, gives
ax +hy+gz+u=0
hx +by+fz+v=0
gx tfy+cz+w=0

These equations on solving gives the vertex.
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Example : Prove that the equation
7x* + 2y* + 277 - 10zx + 10xy + 26x - 2y + 22 - 17 =0
represents a cone whose vertex in (1, -2, 2)

Solution : The given equation is
7x* 4+ 2y? + 27* - 10zx + 10xy + 26x -2y + 2z -17=0 ... (1)
We introduce proper powers of t for making eq. (1) homogeneous
F(x,y, z) = 7x* + 2y* + 27% - 10zx + 10xy + 26x - 2y + 2z - 17 =0
Therefore,
Fx = 14x - 10z + 10y + 26t = = 14x - 10z + 10y + 26 [-- t = 1]
Fy=4y +10x -2t =4y + 10x - 2 [-» t=1]
Fz=4z-10x +2t =4z-10x +2 [-- t=1]
and Ft =26x - 2y + 2x - 34t = 26x -2y + 2z - 34 [-- t = 1]
Putting Fx = 0, Fy = 0 and Ft = 0, we have

14x - 10z + 10y +26 =0 = 7x +5y-5z+13=0 ... (2)
4y +10x-2=0 = 5x +2y-1=0 ... 3)
4z - 10x+2=0 = -5x+2z+1=0 .. 4)
and 26x -2y -2z-34=0 =13x-y+z-17=0 ... (5)
Adding (3) and (4) we get

y+z=0 (6)

Multiplying eq (2) by 13 and (5) by 7, we get
91x + 65y - 65z + 169 =0
9lx -7y +7z -119=0
-+ - +
72y - 72z + 288 =0
= y-z=-4 (7)
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U

Adding (6) and (7), we get

2y=4 =5 y=-2

Using the value of ‘y’ in eq (6) we get z =2
From (4), we have

Sx+2xx2+1=0

Sx+4+1=0
Sx+5=0
x=1

Substituting these values, we have

13(1) - (-2) +2-17=0 = 17 - 17 = 0 which is true

Hence the given equation represents a cone and its vertex is (1, -2, 2)
EXERCISES

Show that the equation

Xx?-2y?* + 377 - 4xy + S5yz + 6zx + 8x - 19y -2z -20=0

represents a cone with vertex (1, -2, 3).

Show that the equation

2x%* + 2y* + 777 - 10yz - 10zx + 2x + 2y + 26z - 17 =0

represents a cone whose vertex is (2, 2, 1).

Prove that the equation

ax’? + by’ + cz? + 2ux + 2vy + 2wz + d =0

represents a cone

2 2 2
\ w

u
if —+—+—=d
! a b C

sk skoskoskoskosk ok
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Unit-V Lesson No. 17
B.A. 2nd Semester Subject : Mathematics

5°.2.1 INTERSECTION OF A CONE WITH A PLANE
To find the angle between the lines in which the plane
ux +vy+wz=0 ... (1)

cuts the cone

f(x, y, z) + ax®> + by? + cz? + 2fz + 2gzx + 2hxy =0  ........ (2)
Let the plane (1) cuts the cone (2) in the line whose equations are given
by
*_y_z
U mn e (3)
Since the line (3) lies on (2) and (1) both, we have
f(1, m, n) = al*> + bm? + 2fmn + 2gnl + 2him=0 ... (4)
andul + vim+wn=0 ... &)
Eliminating n from (4) and (5) we get
2
al> +bm” + C(UI hl ij + 2fm(lll hl ij + Zgl(ul+ ij +2hml =0
-w -w -w
2 2 2 21 2 2 2
= —2(cu +aw —2gwu)+—(hw +CU.V—fW11—gVW)+ (bw” +cw” —2fvw)=0

m m
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Equation (6) is quadratic in o which gives two values of ;(real and
distinct, concident or imaginary) corresponding to which there are two lines of
intersection of the plane and the cone.

Note : If 9 is the angle between the generating lines in which a plane cuts a

cone and 1, m, n, and 1,, m,, n, by the direction ratios of these lines then

1,1, +mn, +nn,
cosh =

\/112+m12+n12\/1§+m§+n§

These lines will be right angle if 1,1, +mn, +n,n,= 0

Example: Find the equation of the lines in which the plane
2x +y -z =0 cuts the cone 4x* -y + 3z =0

Also find the angle between them.

Solution : The given plane is 2x +y-z=0 ... (1)
and the cone is 4x> - y>* +3z22=0 .. 2)

S line of section be - =~ =— 3
uppose line of section be "="=" ... 3)

Since it lies on the plane (1), then
2l+m-n=0 . 4)

Also the line (3) lies on the cone (2), therefore the direction cosine’s
satisfy the equation of the cone. Thus

From (4), we have n = 21 + m

Substituting this value of ‘n’ in eq (5), we get
412>-m>+ 321 + m)> =0

412-m>+ 3(41> + 4lm + m?) = 0
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= 161> + 2m? + 12lm = 0
82+ m?+ 6lm=0
= 2l +m) (4l +m)=0
Therefore, either 21 + m=0or4l +m=0

U

ie,2l+m+on=0o0r4l+m+on=0
Also from (4),21+ m-n=0and 2l + m-n=0

Solving by cross multiplication, we set

1 . m _ n dL_E n
1-0 042 2-2MC 1747

Thus the dc’s of the two lines of intersection are proportional to 1, -2, 0
and -1, 4, 2
Substituting these values in eq (3), we get the required lines of

intersection then

(DHED+(=2)B +(0)(2)
V1+4+04/1+16+4

cosO =

9

V5421

cosO = L
= J105

0= cos"l(Lj
= J105
Example : Prove that the plane ax + by + ¢z = 0 cuts the cone xy + yz + zx =0

1

. . 1 1. .f —+_+—:O
in perpendicular lines i RN
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Solution : The given equation of the plane is
ax +by+c¢z=0 . (D)
and the cone isxy +yz+zx=0 ... (2)
compare (2) with ax? + by? +cz? + 2fyz + 2gxz + 2hxy = 0, we have
a=0,b=0,c=0=a+b+tc=0

Therefore the cone (2) has three mutually perpendicular generators.
The plane (1) through the vector (0, 0, 0) lies on the cone (2), if

bc+tcat+tab=0

1 1
= g+g+; =0 which is the required equation
EXERCISES
1. Find the angle between the lines of section of the plane

6x - 10y - 7z = 0 and cone 108x? - 20y? - 7z = 0.

2. If the plane 2x - y + z = 0 cuts the cone Xy + yz + zx = 0 in perpendicular
lines, then find the value ‘c’.

3. Show that the angle between the lines given by

T
X+y+z=O,ayz+bzx+cxy=Oisz

) T 1 1 1
ifa+b+c=0,but — if —+—+—=0.
3 a b ¢

4. Find the angle between the lines of section of the following cones.
1) 3x+y+52=0, 6yz-2zx + 5xy =0
i) 2x -3y +z=0, 3x2 - 5y? + 362y - 20zx - 2xy =0

5. Prove that the plane Ix + my + ny = 0 cuts the cone
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(b -c)x*+ (c-a)y?+ (a-b)z?> + 2fy + 2gzx + 2hxy = 0 in perpendicular
lines if (b - ¢)I> + (¢ - a)m? + (a - b)n? + 2fmn + 2gnl + 2hlm = 0.

ANSWERS :
_1(16j
cos | —
21
c=2
5y cos” 1 e cos"l(ij
1) 6 1) 39
skkskksksk
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Unit-V Lesson No. 18
B.A. 2nd Semester Subject : Mathematics

5.3.1 INTERSECTION OF CONE AND LINE, A TANGENT
LINE AND TANGENT PLANE, CONDITION OF
TANGENCY, RECIPROCAL CONE

To find the equation of the tangent plane at the point (x, y,, z,) to the
cone

ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0.
Solution : Any line through (x,, y,, z)) is

XX, _y-y, _z-2

1 o = n1=l‘(say) ....... (1)

Any point on the line is (Ir + x , mr +y, nr + z))
Now if it lies on the cone
ax? + by? + ¢z? + 2fyz + 2gzx + 2hxy =0 ... (2) then

a(Ir + x,)* + b(mr +y )* + c(nr + z,)*> + 2f(mr + y )(nr + z)
+ 2g(nr + z)(Ir + x) + 2h(Ir + x )(mr +y,) =0

or (al> + bm* + cn® + 2fmn + 2gnl + 2hlm)r* + 2 [l(ax +thy +gz )]
+m (hx, + by, + fz)) + n [gx, + fy, +(z)] r + ax} +by; +cz;
+2fyz +2gzx,2hxy)=0 ... 3)

Since the point (x,, y,, z,) lies on the cone

ax; +by; +cz; +2fy,z, +2gz,x, +2hx,y, =0 ... 4)
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Thus eq (3) becomes

(al*+ bm?*+ cn*+ 2fmn + 2gnl + 2hlm)r* + 2[l(ax +hy +gz))

+m (hx, + by, +fz)) + n(gx, +fy, +cz)]r=0 --(5)

This is quadratic in r, so the straight line (1) intersects the given cone
at the two points, one of them is the point (x,, y , z,). The straight line (1) will
be the tangent to the cone, if another point of intersection coincides with (x,,
Y¥,» Z,), for which both values of r must be equal to zero. This will require

I(ax, + hy + gz ) + m(hx, + by, + fz) + n(gx, +fy, +¢z) =0
Locus of the tangent line (1) is obtained by elliminating 1, m, n between
(1) and (6) which is the requird tangent plane.

Therefore, the equation to the tangent plane at the point (x,, y,, z,) is
(x-x,) (ax,thy +gz ) + (y-y,) (hx,+by + fz)) + (z-z )(gx,+fy,+cz) = 0
(ax thy +gz )x + (hx +tby + fz)y + (gx Hy tcz)z=0 ---- (7)
[ ax; +by; +cz; +2fy,z, +2gz,x, + 2hx,y, = O]

5.3.2 CONDITION OF TANGENCY OF A PLANE AND A
CONE :

To find the condition that the plane Ix + my + nz = 0 may touch the
cone

ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0.
Notations : In the equation of the cone
ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0

We will use the following notations

a h g
D = h b f = abc + 2fgh - af? - bg? - ch?
g g ¢
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2) A, B, C, F, G, H are the cofactors of a, b, c, f, g, h respectively in D so
that
A=bc-f2, B=ca-g, C=ab-h?
B=gh-af, G=hf-bg, H=1fg-ch
3) BC - F2=aD, CA - gZ2=bD, ab - h? =¢D etc
4) a h g u
h b f v | =[Au? + Bv?+ Cw?+ 2Fvw + 2Gwu + 2Huv
g f c w
u v w 0
Proof : The given plane is Ix + my +nz=0 ... (1)

Let this plane touches the cone at (x,, y,, z,). Then the equation of the

tangent plane at (x, y,, z,) is

x(ax, +hy, +gz,) +y(hx, + by, +1z,) + z(gx, +fy, +¢cz,)=0 ...... (2)
Comparing the coefficients in (1) and (2), we have

ax, +hy, + gz, _hx, +by, +1z, gx, +1fy, +cz,

| m n =k (say)
Therefore,
ax, +hy, +gz,-lk=0 ... 3)
hx, +by, +fz,-ml=0 ... (4)
egx, +fy, +cz, -nk=0 ... &)

Since the point (x,, y,, z,) lies on the plane (1), therefore

Ix, +my +nz -ok=0 ... (6)
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Eliminating x, y,, z,, k from (3), (4), (5), (6) with the help of
determinants, we have

a h g u
h b f v ~0
g f c w
u v w 0
= Al> + Bm? + Cn? + 2Fmn + 2Gnl + 2HIm=0 ... (7)

Where a, b, c, f, g, h, are the cofactors of corresponding small letters in
the determinant

a h g
h b f
g f C

Thus (7) is the required condition of the plane (1) to touch cone
Reciprocal Cone

The locus of the normals to the tangent planes through the vertex of the
cone is another cone called the reciprocal cone of the given cone.

5.3.4 EQUATION OF THE RECIPROCAL CONE
To find the equation of the cone reciprocal to the cone
ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0

Solution : The given cone is

ax? + by? + cz? + 2fyz + 2gzx + 2hxy =0 ... (1)
Any tangent plane to (1) is Ix + my+nz=0 ... (2)
Where Al> + Bm? + Cn? + 2Fmn + 2Gnl + 2HIm =0  ...... 3)

Now the equation of the line through the vertex O(o, o, o) of (1) and
normal to the tangent plane (2) are

260



x-0 y-0 z-0 x vy z
= = : —_—— = —
" m a " m 4)
Therefore locus of (4) is
Ax? + By? + Cz* + 2Fyz + 2Gzx + 2Hxy =0  ...... (5)

Which is the required equation of the reciprocal cone where A, B, C, F,
G, H, are the cofactors of corresponding small letters in the determinant

a h g
D= |h b f
g f c
Method to find the reciprocal cone of a given cone
1) Compare the given equation of a given cone with
ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0 and find a, b, ¢, f, g, h
2) Find A = be-f2, B = ca-g?, C = ab-h?, F = gh - af, G = hf-bg, H = fg-ch
3) Then reciprocal cone is Ax? + By? + Cz? + 2Fyz + 2Gzx + 2Hxy = 0.

Example : Prove that the cone ax? + by? + cz* = 0 and

2 2 2

LI A 0 are reciprocal.

a b ¢

Solution : The equation of first cone is ax* + by? + cz? =0
Compare it with ax? + by? + ¢z? + 2fyz + 2gzx + 2hxy =0
Wegeta=a, b=b,c=c,f=0,g=0,h=0

Therefore A=bc - 2 =bc, B=—ca - g>=ca, C =ab - h?=ab and
F=gh-af=0,G=hf-bg=0,H=1fg-ch=0

Therefore, the reciprocal cone of (1) is

ax* + by? + cz? + 2fyz + 2gzx + 2hxy = 0

i.e., bex? tcay? + abz? = 0
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Dividing through by abc, we get

2 2 2

Xy oz .
—+-—+— = 0 which is the second cone
a b ¢
2 y2 2
Further, the reciprocal cone —+-—+— =01is
a c

ax* + by* +cz2 =0
Hence the given cones are reciprocal.

Example : Prove that general equation of the cone which touches three

coordinates plane is

Jix /gy £vhz =0.

Solution : Since we know that the general equation of the cone having the
coordinates axes as its generators is of the form

fyz + gzx + hxy =0
= 2fyz + 2gzx + 2hxy=0 ... (1)

Since the reciprocal cone will touch the planes perpendicular to
coordinates axes so the cone touching the coordinate planes is the reciprocal
cone of (1)

Since the reciprocal cone of (1) is
Ax? + By? + Cz? + 2Fyz + 2Gzx + 2Hxy =0
Where A, B, C, F, G, H are the cofactors of corresponding small letters

in the determinant

O

I
g 5o

aur]
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Herea=0,b=0,c=0

Therefore A=o0-f2=-f, B=0-g2=-g,, C=0-h?=-h?
and F=gh-o=gh,G=hf-o=hf, H=1fg-0=1g
Therefore the equation of the reciprocal cone of (1) is

ax? + by? + cz? + 2fyz + 2gzx + 2hxy =0 .

-f2x? - g%y? - h*z? + 2ghyz + 2hfzx + 2fgxy = 0

2x? + g?y? + h’z? - 2ghyz - 2hfzx + 2fgxy = 4fgxy

= (fx + gy —hz)’ = 4fgxy = fX + gy — hz = +2,/fgxy

= fx+gy+2,/fgxy =hz

= (Vixsyayf =+(nzf
= it gy =+/hz
Hence \/Ei\/gi\/h_z().

Example : Prove that the perpendicular drawn from the origin to the tangent
planes to the cone

3x* + 4y? + 57> + 2yz + 4zx + 6xy = 0 lies on the cone
19x* + 11y? + 37> + 6yz - 10zx - 26xy = 0.
Solution : The given equation of the cone is
3x2+4y* + 522+ 2yz +4zx + 6xy =0 ... (1)
Compairing (1) with the general equation of the cone
ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0, we get
a=3,b=4,c=5,f=1,g=2,h=3
Therefore, A=bc-2=19,B=ca-g*=11,C=ab-h*=3
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and F=gh-af=3, G=hf-bg=-5 H=1fg-ch=-13
Therefore, the required reciprocal cone is
ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0
ie., 19x2 + 11y? + 322 + 6fyz - 10zx - 26xy =0
EXERCISES
1. Find the equation of the plane which touches the cone

x? + 2y? - 377 - 2yz + 5zx + 3xy = 0 along the generator whose direction
cosmies are proportional to 1, 1, -1.

2. Find the reciprocal cone of the cone ax? + by? + ¢z =0
3. Show that the equation a?x? + b?y? + ¢?z* + 2bcyz + 2cazx + 2abxy = 0
represent a cone which touches the coordinate planes.
ANSWERS

1. =(y+z)=0.

2 2 2
2 X_ + y_ + Z_ =0

a b ¢

5.3.5 ENVELOPING CONE

The locus of the tangent lines drawn from a given point to a given
surface (sphere) is called the enveloping cone or the tangent cone of the
surface (sphere). The given point called the vertex of the enveloping cone.

Equation of the enveloping cone
To find the equation of the enveloping cone of the sphere x*+y*+z’=a?

with vertex at the point (a, 3, 7).

Solution : Any line through the period (a, 3, y) is given by
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x—a_y-p_z-v
1 m

=r(say) (D)
Any point on (1) is (a+Ir,p + mr, y + nr)
This point lie on the given sphere if
(a+1r) +(B+mr) +(y+nr) =a’
= o +1’1° + 2al + B> + m’r?* =2 mr+vy* +n’r’ + 2mr =a’
(12 +m’ +r2)r2 +2(al+Bm+ynfr=0’+B*+y’—a’=0 - (2)

Equation (2) is quadratic in r, giving two values of r corresponding to
which there are two points common to the sphere and the line (1). Now if the
line (1) to be the tangent to the sphere, them both the values of r given by the
equation (2) must be equal. Therefore,

(al +pm+yn)’ :(12 +m’ +I‘2X(12 +B%+y’ —az)

The locus of the tangent lines is obtaied by elimiating 1, m, n from (1)
and (2). Thus the required locus is

[ax — )+ By —B) + Mz— )] =[x —0)> + (y=B)* + (z—7)*]

(az+ﬁ2+yz_a2) _____ (4)
If we use the notations :

S:X2+y2+22_a2
S, = oc2+[32+y2—a2
T = ox+Py+yz—a’

Then the equation (4) may be written as
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(T-S,) =(S-2T+S,)S, = T* =SS, = T°=S§

= oX +Py+yz—a’ =(x>+y* +z° —a’)(o> +p° +y> —a’)
is the required equation of the enveloping cone.

Example : Find the enveloping cone of the sphere x> + y> + 22+ 2x - 2y = 2
with its vertex at (1, 1, 1).

Solution : The equation of the sphere is x> + y? + z2 + 2x-2y=2 and vertex
(1, 1, 1)
Here S=x?+y*+ 2> +2x-2y-2=0and a=Bf=y=1
Therefore
S, =)+ 1)y +(1)+2(1)-2(1)-2=1
and T=x()+y()+z()+(x-1)-(y+1)-2=2x+2z-2
Therefore equation of enveloping cone is SS = T?
= xX2P+y*+z22+2x-2y=2)(1)=2x +z-2)2
= X2+ +z22+2x-2y=2=4x>+ 2722+ 4 + 4zx - 8x - 4z
= 3x2-y?+4zx -10x +2y-4z2+6=0
Example : Prove that the lines drawn from the origin so as to touch the sphere
x?+y? + 72+ 2ux + 2vy + 2wz + d = 0 lies on the cone
d(x? + y? + 2?) = (ux + vy + wz)?
Solution : The given equation of the sphere is
xX2+y?+z22+2ux +2vy + 2wz +d =0
Since the vertex is (0, 0, 0), so that

S=x>+y>+ 22+ 2ux + 2vy + 2wz +d
and s, =x] +y; +z; +2ux, +2vy, +2wz, +d

Since x, =0,y, =0,z =0
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Therefore, x, =0+0+0+0+0+0+d =d
and T=xx, +yy, tzz +tux +x)+v(y+ty)+twiz+tz)+d
=ux + vy +wz +d

Therefore, the locus of the line through the origin and touching the
given sphere, the enveloping cone is

d(x*+y?> + 22+ 2ux + 2vy + 2wz + d) = (ux + vy + wz + d)?

=

— A+ y*+ 2%+ (ux + vy + wz + d) +d? =(ux + vy + wz)?
+ 2d(ux + vy + wz) + d2

— Aty +2%) = (ux + vy + wz)’

5.3.6 RIGHT CIRCULAR CONE

A right circular cone is a surface generated by a straight line which
passed through a fixed point of another fixed straight line and makes a constant
angle with that as well. The fixed line is called the axis of the cone and the
angle made by the generator with the axis is called the semi vertical angle.

Note : The section of the right circular cone by a plane perpendicular to the
axis is a circle.

5.3.7 EQUATION OF RIGHT CIRCULAR CONE

Obtain the equation of the right circular cone whose vertex is the origin,
axis, the z-axis and semi vertical angle q is

x*+ y*= 27>+ tan’q.
Solution : Let P(x, y, z) be any point on the cone. Draw PM | on the z-axis

such that <POM = q. In rt. <d AOPM

OM = OP cosa ---- (1)
But OM =z
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N

and (x-0)" +(y-0)’ +(z-0)" =¥’ + 7+’

Putting these values of OP and OM
in eq. (1) we get

z=+/x> +y* +z°cosa
= z:(x2+y2+zz)cosza

= z’sec’o=x"+y’ +27°

>y
0 (0, 0, 0)
= x*+y*+z* =7°(sec’a-1) =z + tan’a
This is the requried equation of the
right circular cone.

5.3.7 FIND THE EQUATION TO THE RIGHT CIRCULAR
CONE WHOSE VERTEX IS THE POINT («, 3,7), THE
AXIS IS THE LINE

Xx—a_y—-B_z-y
| m n

Solution : Let P(x, y, z) be any point on the cone, then the direction ratios of

the generator which is the joint of the points («, ,y) and (x, y, z) are

x-a, y-B,z—vy and these of the axis are I, m, n

I(x-0)+m(y-p)+n(z—v)
\/12 +m’ +n2\/(x-a)2 +(y-B)2 +(Z—’Y)2

Squaring, we get

cosO =
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Example : Prove that

cosze(l2 +m?+ nz)l(x ~a) +(y-B) +(z —Y)ZJ

=1(x-a)+m(y-p)+n(z-v)
This is the equation of the right
circular cone

X2+ y*+2722-2x+4y+ 62+ 6=0
represents a right cicular cone

whose vertex is the point (1, 2, -3)
and whose axis is parallel to oy and
whose semi vertical angle is 45°.

Solution : We have a=1,=2,y=3

or

or

or

1=0,m=1,n=0and g = 45°

Therefore, the equation of the right circular cone becomes
(y-2)?=[(x-1)*+(y - 2)*> + (z + 3)2]% cos?45°
(x-2P+(y-2+(z+3)P=2y-2)
x-12+(y-22+2(y-2P>+(z+32=0
x-12-(y-2)+(@z+372=0
X2-2x+1-y*-4+4y+22+9+62=0
X2-y?+72-2xt4y+62+6=0

Which is the required equation.

Example : Show that the equation to the right circular cone whose vertex is at

the origin, whose axis has direction cosumes 1, m, n whose semi vertical angle

1s @ is

> (yn-zn)* =sin’0(x> +y* +z°) .
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Solution : We know that the equation of the right circular cone whose vertex

is at the origin and semi vertical angle ¢ is

or

have

VAR

i

(Ix + my + nz)* = (I* + m* + n?) (x* + y* + z?) cos?Q

(Ix + my + nz)* = (I + m? + n?) (x> + y*> + z) - (1 - sin’Q)

(Ix + my + nz)> = (> + m? + n?) (x> +y* + 2%) - (> + m? + n?) (x* +y?
+ z?%) sin?g

P+m?+n?) (x*+y*+27)-(Ix+my+nz)* =1+ m>+n?) (x> +y
+ z?) sin?g

(m? + n?)x2 + (n2 + 1*)y? + (1> + m?)z? - 2mnyz - 2nlzx - 2hxy

= (1> + m? + n?) (x2 + y? + Z?) sin?Q

(ny - mz)? + (Iz + nz)*> + (mx - ly)> = (x> + y> + z2) sin?Q

[ > +m’+n’ :1]

Substituting these values in the equation of the right circular cone, we

(y-2=[(x- 1)+ (y -2+ (z +3)] cos?45°

[(x - 12+ (y-2)+(z+3)]=2>y-2)

x-12+(y-22+(z+3) -2(y-2)P=0

(x-1¢2-(y-2+(@z+3)=0

(x?-2x+ 12 -(y*-2y+4) +(22+22+9)=0

X2-y*+z2-2x+2y+2z+6=0.
EXERCISES

Find the equation of the right circular cone which passes through the
point (1, 1, 2) and has vertex at the origin and axis is the line

x_¥._z
2 -4 37
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Find the equation to the right circular cone whose vertex is P(2, -3 5),
axis PQ which makes equal angles with the axes and which pass through
the point a (1, -2, 3)

Show that 33x? + 13y? - 95y? - 144yz - 96zx - 48xy = 0 represents a
right circular cone whose axis is the line 3x = 2y = z. Find the semi
vertical angle.

ANSWERS
4x% + 40y* + 192 - 72yz + 36zx - 48xy = 0
x?+y*+ 2722+ 6(xy +yz+2zx)-16x-36y-4z-28=0
a = 60°

sk ok ok ok ok o e ok
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Unit-V Lesson No. 19
B.A. 2nd Semester Subject : Mathematics

5.4.1 CYLINDER

It is a surface generated by a straight line which moves parallel to a
fixed straight line (called axis) and either intersects given curve (called the
guiding curve) or touches a given surface.

Note : Any straight line on the cylinder is known as its generators are parallel
to the line

y z
mon e (1)

x
1

and intersect the conic
ax? + by? + 2hyx +2gx +2fy+¢=0,z=0 ... (2)
Solution : Let («, 5, ) be any point on the cylinder. Equation of the generator

through the point (a, 5, y) are

x-a y-p _z-y
- = . (1)

m n

This generator meets the plane z = 0 in the point given by

b

xa_yf_zo7 ie., (“—ly my’oj
n n

1 m n " on

This point will lie on ax? + 2hxy + by> + 2gx +2fy+¢=0,z=0
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- a(a—l—yj +2h(a—llj(ﬁ—ﬂj+b(ﬁ—ﬂj +2g(u—l—yj
n n n n n

2
+2f(ﬁ—ﬂj +c=0
n
= a(na.-1y)* + 2h(no - 17)(nf -my) + b(nf -my)* + 2g(na - 1)
+2f(nf-my)+c=0
Hence the locus of the point (a, 3, 7) is

a(nx - 1z)*> + 2h(nx - 1z)(ny - mz) + b(ny - mz)* + 2g(nx - 1z) +
2f(ny - mz) + ¢ = 0.
Example : Find the equation of cylinder with the guiding curve given by

X
x? + 2y? =1, z = 0 and generator parallel 1°

y_z
2 3
Solution : Let (a, £, y) be any point on the cylinder.

Therefore the equation of generator through the point («, £, y) are

x-0_y-p_z-y
mE s (1)

Therefore, we have
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CHECSE

Hence the locus of the point (a, 3, y) is

2 2
z 2z
X——| +2ly—| =1
( ?J (y 3)

This is the required equation of cylinder

Example : Find the equation of cylinder whose generators are parallel to the

X z
line T:% =§ and guiding curve is the ellipse

x2+2y*=1,z=3
Solution : Let (a, S, 7) be any point on the cylinder. Equation of the generator

through the point (a, £, y) are

x-0 _y-B_z-y
s R u (1)

Since the generator passes through x? + 2y* =1, z = 3, we get

x-0 _y-P _3-y
1 -2 3

This generator meets the plane z = 3 in the point

2

(3(a+1)-y 3(B—2)+2y 3)
3 3 ’

Therefore, we have
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(3(a+1)-yj2+2(3(B—2)+27j2 .
3 3

= 3’ +2B7+77)+8By+ 2y +60—24p—18y+24=0
Hence the locus of the point (a, 3, 7) is

3(x2+ 2y*+ z?) =8yz + 2zx + 6x - 24y - 18z +24 =0

This is the required equation of cylinder.

EXERCISES
1. Find the equation of the cylinder with the guiding curve given by
X y z
3x? + 4y? = 12, z = 0 and the generator parallel to 575 =§.
2. Find the equation of cylinder whose generating parallel to z - axis and

which passes through the curve of intersection of the surface represented
byx*+y*+2z2=12andx+y+z=1.

3. Find the equation of cylinder whose generators are parallel to z - axis
and which passes through the curve of intersection of x> + y> + z2 = 1
andx +y+z=1.

ANSWERS
. x4y -xt+xy=12
2. 3x2+4xy + 3y -4x -4y - 10=0
3. 2y 432-2yz+2y-2z-11=0
5.4 ENVELOPING CYLINDER

Definition : The focus of the tangents to a sphere which are parallel to a given
line is called the enveloping cylinder.
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54 TO FIND THE EQUATON OF THE ENVELOPING
CYLINDER OF SPHERE x*+y*+z?’= a’, WHOSE
GENERATORS ARE PARALLEL TO THE LINE

X 'y z
Il m n
Solution : The sphere is

xXX+y?+z2=a*> L. (1)

Il
5N
—
®)
A

. . Xy
And the given line is —=—
Il m

Let (a, f,7) be any ponit on the cylinder and the tangent which is
parallel to line (2) is
x-o y-B z-vy
- = . (3)

m n

Therefore, any point on (3) is (a+lr,[3+mr,y+nr). This point will be
one (1) if

(a-1r) +(B-mr) +(y-nr) =a’

= (P +m’ +n°)+ 2r(or+Pm+yn)+ o’ +B* +y> —a* =0  --- (4)

Which is a quadratic equation in r giving two values of r corresponding
to which there are two points common to the sphere (1) and the line (3).

Now if the line (3) be a tangent to (1), both the values of r given by (4)
must be equal.

Therefore, we must have

((x1+[3n+yn)2 =(12 +m’ +1’12X(12 +B% +7v? —az)
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Hence the locus of the point (a, 3, 7) is

(al +pn +yn)’ :(12 +m’ +1’12X(12 +B%+y’ —az)
This is the required equation of enveloping cylinder.

Example : Find the equation of the envelopng cylinder of this sphere
x? +y? + z2 + 4y = 1, having its generator parallel to the line

X
1
Solution : The given sphere is

x>ty +z22+4y-1=0

. .. Xy z
and the given line is 1°1°1 (2)

Let (a, f,7) be any point on a tangent which is parallel. This lies on
(1) if

(a+1)° +(PB+1)° +(y+1)° =2(a+1)+4B+1)-1=0
= o +BP+y +20r+2Br+3r° -20-2r+4Bp+4r-1=0
= (a2+ﬁz+yz—2r+4[3—1)+3r2+2r(a+B+y+l):O

= 30 +2r(@+Bry+Dr+(al 4By -2r44p—-1)=0 ... 3)

which is quadratic in r giving two values of r. The line touches the
sphere if (3) has equal roots. Therefore, we have

Aa+B+y+1)> —12(02 +B% +y2 -2r+4p—1)=0

= o +pP+y -af-Py-ay-4y-5-y-2=0
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Hence the locus of («, £, ) is

X2ty +2722-xy-yz-zx-4x-5y-z2-2=0

This is the required equation of the enveloping cylinder.
EXERCISES

Find the equation of the enveloping cylinder of the sphere x* + y* + z*=a?

y

X Z
whose generators are parallel to the line — :E =

1

Find the equation of the cylinder of whose guiding curve is x*+y>*+z>=9,
X-y+z=3.

sk sk sk sk sk sk skosk ok
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Unit-V Lesson No. 20
B.A. 2nd Semester Subject : Mathematics

5.5.1 RIGHT CIRCULAR CYLINDER

Definition : Right circuar cylinder is the surface generatewd by a straight line
which is parallel to a fixed line and is at a constant distance from it. The fixed
line is called the axis of the cylinder and constant distanc is called the radius
of the cylinder.

5.5.2 EQUATION OF RIGHT CIRCULAR CYLINDER

To find the equation of a righ circular cylinder whose radius is r and
the axis of he line

x-0 y-0_ z-0

- (1)

| m n

Let (a, B, y) be any point on the line (1)

P(x,y, z)
o

A lxma_yp_zy
Il m  n
r
7

»
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Therefore, in 1t /d AAPM
AP?2=AM?+PM> ... (2)

But AP’ =(x-a)” +(y-B)’ +(z-7)

x-wl+(y-p)m+(z-y)n
\/12 +m’+n’

am = projection of ap and ab =

and PM =r

From (2), we hav e

[x-a)l+ @ -Bm+@-ynf
I>+m*+n

(x-0)" +(y-p)* +(z-7)" =

Hence the required equation of the cylinder is
2+m’ +n’|(x-a)> +(y-B)’ +(z-7) -1
= [x-ol+(y-pm+@-yn]
Example : The axis of a right circular cylinder of radius 2 has equation

x-1 'y z-3

2 3 1

Show that its equation is

10x%+ 5y*+ 1322 - 12xy - 6yz - 4zx - 8x + 30y - 74z + 59 =0

x-1 y-0 z-3
2 3 1

Solution : The given axis ab is

Its direction cosmies are porportional to <2, 3, 1>

2 3
Therefore, direction cosine’s are <\/ﬁ’ T \/ﬁ>
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Let p(x, y, z) be any point on the cylinder.

Draw pm 1 aband a(1, 0, 3) is a point on the axis.

p(X, Y, 2)
> <L 3 ;
V147147 \/ﬁ
a(1,f0, 3) m \ /b >

In rt. angled AAPM
ap? = am’ + pm? -—-- (1)
But AP?=(x - 1>+ (y - 0)* + (z - 3)*

ap=+/(x-1)* +(y-0)> +(z-3)’

1 2x+3y+z 5

=(x—1)i+yi+
V14 V14 \/ V14
and PM =2

From (1), we have

(2x+3y+z-5)°
14

x-1)+y +(z-3)" = +14

14(x>+ y?+ 22- 2x -2z + 2) = (2x +3y + z)? - (10(2x + 3y+ Z) + 25 +56
10x%+ 5y*+ 1322 - 12xy -6yz - 4zx -8x + 30y - 74z + 59 =0
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Example : Find the equation of the right circular cyinder whose axis is

and radius 5.

Solution : Let (X, y, z) by any point on the cylinder. Then the length of the

X

V4
perpendicular from P(x, y, z ) to the given line 5 :%:g must be equal to

the radius 5, to we get

5’[22+ 3+ 6°] = (6y, - 3z,)* + (22, - 6x,)* + (3%, - 2y,)?
= 25(49)=36y; +9z; —36y,z, +4z; +36x; —24z,x, +9x; +4z] —12x,y,

= 45x} +40y; +13z-12x,y, —36y,z, —24z,x, —1225=0
The locus of P(x, y, z,)
i.e., the required equation is
45x%+ 40y* + 1322 - 12xy - 36yz - 24zx - 1225 =0

Example : Find the equation to the right circular cylinder whose guiding
circle is

XX+ y*+2z22=9,x -y +z=3.
Solution : The sphere x>+ y?>+2z*=9 ... (1)
and the plane isx -y+z=3 ... (2)
The centre of sphere is O (0, 0, 0) and its radius is ob = 3
oa = | distance of O (0, 0, 0) from the plane (2)

0-0+0-3

NESEE] =—3=43 (numerically)
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ab = radius of circle

= YJob? —o0a® =+9-3 =46

Again equation of the line through the
centre O(0, 0, 0) of the sphere and | to the plane
(2) are

X 'y z L : -
1° 4 :T’ which is the axis of the cylinder

Let p (X, y, z) by any point on the cylinder. Join
OP and draw mp | to the axis oa, so that

mp = radius of a cylinder on circle = /g

op? = mp? + om? = 6 + om? --3)

Now op>=(x- 0>+ (y- 012+ (z-0)2=x>+y>+ 22

and om : projectection of op on the line oa whose actual direction

1 -1 1
cosmies are ﬁ,ﬁ,ﬁ
(XO)I(O)I(ZO)
e NERARENE]
_X-y+z
3 [ 1(x, —x,)+m(y, +y,)+n(z, —z,)
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p(X, Y, 2)

O}

0(0, 0, 0)

N | S

From eq (3), we have

2
-y+
xz+y2+22:(X Y Zj +6

V3
= 3(X2 +y’ +22)=(X—y+z)2 +18=x+y’ +7° —2xy—2yz+2zx +18
= 2x2 +2y* +27° +2xy+2yz—2zx 18 =0

- X’ +y* +7° +xy+yz—-zx—9 =0, which is the required equation of the
cylinder

Example : Prove that the equation of the right circular cylinder whose one
section is the circle

xX*+y'+2z2-x-y-z=0,x+ty+tz=1

x?+ y*+ z?-yz - xy - xy = 1.
Solution : The direction ratio of the axis of the cylinder which is perpendicular
to the plane of the circle given by x +y+z=1are 1, 1, 1

So, let one of the generators of the cylinder passing through any point

p(a,,y) on the cylinder be
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x-0_y-B_z-y
1 1 1

Any point on this generator at a distance r from (a,f,y) is

(o+r1,B+r,y+r). If the point lies on the given circle, we have

(()LJrr)2 +(B+r)2 +(y+r)2 —((x+r)—([3+r)+(y+r)=0

1

= (a+r)+([5+r)+(y+r)
of (a+r)+B+r) +(y+rf-1=0,(a+p+y)+3r=1

Eliminating r, we get

{Ml'(“’;&}z +[B+1-(a+3B+Y)T {Hl-(agﬁw)}z 1

(20c—[3—y+1)2 +(2[3—y—0c+1)2 +(2y—y—[3+l)2 =9

or 60’ +6B>+6y> —68y —6yo—6af) =6
The required equation of the cylinder is

X2+ y*+z2-yz-zx -xy=1

EXERCISE

1. Find the equation to the right circular cylinder of radius 2 and whose

.. . x—1 y—2 z—73
axis is the line. = =

2 1 2
2. Find the equation to the right circular cylinder of radius 3 and whose
axis passes through (1, -1, 3) and has direction cosmies proportional

<2, -1, 3>.
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Show that the equation of the right circular cylinder described on the
circle through the parents (1, 0, 0), (0, 1, 0) and (0, 0, 1) as the guiding
curve is x>+ y*+ z>- yz - zx - xy = 1.

Find the equation of the right circular cylinder whose axis is

X + 2y = -z and radius 4.

ANSWERS
5x2+ 8y?+ 577 - 4xy - 8zx - 4yz + 22x - 16y - 14z =10
10x2+ 13y?+ 522+ 6yz - 12zx - 4xy + 8x + 10y - 2z - 123 =0
5x?+ 8y?+ 527+ 4yz + 8zx - 4xy - 144 =0

3k ook skoskok ok
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